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Abstract We study the boundary value problem with measures for (El) — Au + g(\Vu\) = 
in a bounded domain 51 in R , satisfying (E2) u — /i on 9f2 and prove that if g S 
L l {l, oo;t- {2N+i y N dt) is nondecreasing (E1)-(E2) can be solved with any positive bounded 
measure. When g(r) > r q with q > 1 we prove that any positive function satisfying (El) 
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admits a boundary trace which is an outer regular Borel measure, not necessarily bounded. 
When g(r) = r q with 1 < q < q c = ^jtl we prove the existence of a positive solution with a 
general outer regular Borel measure y ^oo as boundary trace and characterize the boundary 
isolated singularities of positive solutions. When g(r) = r q with q c < q < 2 we prove that 
a necessary condition for solvability is that /z must be absolutely continuous with respect 
to the Bessel capacity C2-, , . We also characterize boundary removable sets for moderate 

q '1 

and sigma-moderate solutions. 
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1 Introduction 

Let ft C be a bounded domain with C 2 boundary and g : M. + —> M. + a nondecreasing 
continuous function vanishing at 0. In this article we investigate several boundary data 
questions associated to nonnegative solutions of the following equation 

- Au + g(\Vu\) = in ft, (1.1) 

and we emphasize on the particular case of 

-Au+|Vu| 9 = in ft. (1.2) 

where q is a real number mainly in the range 1 < q < 2. We investigate first the generalized 
boundary value problem with measure associated to (jl.ip 

f -Au + g(\Vu\) = in ft , , 

I u = n on ail 

where /1 is a measure on 9ft. By a solution we mean an integrable function u such that 
,g(|Vu|) e i^(ft) where d = d(x) := dist (x, 9ft) satisfying 



/ (-uAC + g(\Vu\)Odx = - [ g 



dn (1.4) 



for all C G X(Vt) :— {cf> £ Cg(ft) : Acj) G L°°(ft)}, where n denotes the normal outward unit 
vector to 9ft. The integral subcriticality condition for g is the following 



00 

2JV + 1 



g(s)s N ds < 00. (1-5) 

When (/(r) < r g , this condition is satisfied if < q < q c := -^p-- Our main existence result 
is the following. 



Theorem 1.1 Assume g satisfies (|1.5j) . Then for any positive bounded Borel measure /1 on 
9ft there exists a maximal positive solution to problem (|1.3|) . Furthermore the problem 
is closed for weak convergence of boundary data. 
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Note that we do not know if problem (|1.4[) has a unique solution, except if g(r) = r q 
with < q < q c and fi — cSq in which case we prove that uniqueness holds. A natural 
way for studying is to introduce the notion of boundary trace. When g(r) > r q with 
q > 1 we prove in particular that the following result holds in which statement we denote 
S 5 = {x e n : d(x) = 6} for S > 0: 

Theorem 1.2 Let u be any positive solution of (jl.ip . Then for any Xq 6 dQ the following 
dichotomy occurs: 

(i) Either there exists an open neighborhood U of xq such that 

g(\\7u\)d(x)dx < oo (1.6) 

nnu 

and there exists a positive Radon measure fijj on dfl ("1 U such that u\ Sgnu converges to fijj 
in the weak sense of measures when S — > 0. 

(ii) Or for any open neighborhood U of xq there holds 

g(\Vu\)d(x)dx = oo, (1.7) 

nnu 



lim / udS = oo. (1-8) 

s ^°Js s nu 

The set S(u) of boundary points xo with the property (ii) is closed and there exists a 
unique Borel measure /i on lZ(u) := d£l \ S(u) such that it| Sj converges to fi in the weak 
sense of measures on lZ(u). The couple (5(w),/i) is the boundary trace of u, denoted by 
tron(u). The trace framework has also the advantage of pointing out some of the main 
questions which remain to be solved as it was done for the semilinear equation 

-Au + h(u) = in fi. (1.9) 

and the associated Dirichlet problem with measure 

f -Am + h(u) =0 in fl 
I u = /i on oil, 

where h : M — > M is a continuous nondecreasing function vanishing at 0. Much is known 
since the first paper of Gmira and Veron |16) and many developments are due to Marcus 
and Veron [27] -[30] in particular when (jl.9l) is replaced by 



- Au+ \u\ q 1 u = mfl. (1.11) 

with q > 1. We recall below some of the main aspects of the results dealing with (|1.9[) - (|1.11[) . 
this will play the role of the breadcrumbs trail for our study. 

- Problem (ll.lOp can be solved (in a unique way) for any bounded measure jj, if h satisfies 
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j {h{s) + \h(-s)\)s-T^ds < oo. (1.12) 

If h(u) = \u\ q 1 u the condition (| 1 . 1 2[) is verified if and only if 1 < q < q s , the subcritical 
range; q s = ffl4 is a critical exponent for (II. lip . 

- When 1 < q < q s , boundary isolated singularities of nonnegative solutions of (jl.lip 
can be completely characterized i.e. if u £ C(fl \ {0}) is a nonnegative solution of (jl.lip 
vanishing on d£l \ {0}, then either it solves the associated Dirichlet problem with fj, = c8q 
for some c > (weak singularity), or 

u(x) ~ d(x)\x\ i- 1 as x — i- 0. (strong singularity) (1-13) 

- Always in the subcritical range it is proved that for any couple (S, fj.) where S C dfl 
is closed and /i is a positive Radon measure on 1Z = dfl \ S there exists a unique positive 
solution u of (|l.lip with boundary trace (S,/j.) (in the sense defined in Theorem 11.21) . 

- When q > q s , i.e. the supercritical range, any solution u G C(fi \ {0}) of (jl.lip 

vanishing on <9f2 \ {0} is identically 0, i.e. isolated boundary singularities are removable. 

This result due to Gmira-Veron has been extended, either by probabilistic tools by Le Gall 

[12], [10]) Dynkin [TU], Dynkin and Kuznetsov [12], [13]) with the restriction q s < q < 2, or 

by purely analytic methods by Marcus and Veron [27], [28] in the whole range q s < q. The 

key tool for describing the problem is the Bessel capacity d , in dimension N — 1 (see Q] 

q >y 

for a detailled presentation of capacities). We list some of the most striking results. The 
associated Dirichlet problem can be solved with fj, g (dil) if and only if /i is absolutely 
continuous with respect to the C2 /-capacity. If K C dfl is compact and u e C(il \ K) is a 
solution of (jl.lip vanishing on dVl \ K, then m is necessary zero if and only if Cz , (K) = 0. 
The complete characterization of positive solutions of (jl.lll) has been obtained by Mselati 
[26j when q = 2, Dynkin [11] when q s < q < 2, and finally Marcus j25j when q s < q; they 
proved in particular that any positive solution u is sigma-moderate, i.e. that there exists 
an increasing sequence of positive measures [i n £ DJl + (dQ) such that the sequence of the 
solutions u — u fln of the associated Dirichlet problem with /i — fi n converges to u. 

Concerning (|1.2p we prove an existence result of solutions with a given trace belonging 
to the class of general outer regular Borel measures (not necessarily locally bounded). 

Theorem 1.3 Assume 1 < q < q c and S C dVL is closed and fj, is a positive Radon measure 
on 1Z := dn \ S, then there exists a positive solution u of (|1.2p such that tron(u) — (S, fi). 

When 1 < q < q c we prove a stronger result, using the characterization of singular 
solutions with strong singularities (see Theorem II .61 below). When q c < q < 2 we prove that 
Theorem 1 1 . 31 still holds with fj, = if S = G where G C dQ. is relatively open, dG satisfies an 
interior sphere condition. Surprisingly the condition S C dVL is necessary since there cannot 
exists any large solution, i.e. a solution which blows-up everywhere on d£l. 
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In order to characterize isolated singularities of positive solutions of (jl.2p we introduce 
the following problem on the upper hemisphere S^ -1 of the unit sphere in M. N 

-A' U + ((|Ef) 2 ^ + IV'^I 2 ) 3 - §=f U - N) U = in S^" 1 

V / (1.14) 

w = andS^' 1 , 

where V' and A' denote respectively the covariant gradient and the Laplace-Beltrami oper- 
ator on S^ -1 . To any solution ui of (|1 . 14[) we can associate a singular separable solution u s 
of (11.21) in := {x = {x\,X2 1 x^) — (x', xn) ■ xn > 0} vanishing on dR+ \ {0} written 
in spherical coordinates (r,a) = (|x|, yfy) 

it s (a:) =u s (r,a) =r~^u(o) VxeK~f\{0}. (1.15) 

Theorem 1.4 Problem (| 1 . 14[) admits a positive solution if and only if 1 < q < q c . Further- 
more this solution is unique and denoted by u> s . 

This singular solution plays a fundamental role for describing isolated singularities. 

Theorem 1.5 Assume 1 < q < q c and u £ C 2 (f2) n C(f2 \ {0}) is a nonnegative solution of 
(|1.2|) which vanishes on dQ \ {0}. XTien i/*e following dichotomy occurs: 

(i) Either there exists c > such that u — u c s solves (|1.3p with g(r) — r q , fi = cSo and 

u{x) = cP n (x 1 0)(l + o(l)) asx^O (1.16) 

where P n is the Poisson kernel in f2. 

(ii) Or u = limc^oo u c s and 

hm \x\^u(x) = w s (a). (1.17) 
n 9 x — f o 

x + 

We also give a sharp estimate from below for singular points of the trace 



Theorem 1.6 Assume 1 < q < q c and u is a positive solution of (|1.2j) with boundary trace 
(S(u), jit). Then for any z £ S(u) there holds 

u(x) > Uqos^x) :— lim u c $ z (x) \/x £ Q. (1-18) 

c— >oo 

The description ofuoos z is provided by u s defined in (|1.15|) . up to a translation and a rotation. 

The critical exponent q c plays for (|1.2|) a role similar to that of q s plays for (|l.llj) which 
is a consequence of the following theorem 

Theorem 1.7 Assume q c < q < 2, then any nonnegative solution u £ C 2 (f2) Pi C(Ct \ {0}) 
of (|1.2[) vanishing on dfl \ {0} is identically zero. 
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The supercritical case for equation (|1.2[) can be understood using the Bessel capacity 
Ci- q , in dimension N — 1, however we can only deal with moderate and sigma-moderate 
solutions. Following Dynkin [TT], [T3] we dehne 

Definition 1.8 A positive solution u of (|1.2[) is moderate if there exists a bounded Borel 
measure fi G 9Jt + (df£) such that u solves problem (|1.3j) with g(r) = r q . It is sigma-moderate if 
there exists an increasing sequence of solutions {u^}, with boundary data {fi n } G DJt + (dfl), 
which converges to u when n — > oo, locally uniformly in Q. 

Notice that the boundary trace theorem implies that the sequence {/x„} is increasing. 
Equivalently we shall prove that a positive solution u is moderate if and only if it is integrable 
in Q and |Vit| G L q d (tt). 

Theorem 1.9 Assume q c < q < 2 and K C dQ is compact and satisfies CV-, a ,(K) = 0. 

Then any positive moderate solution u G C 2 (f2) n C(ft \ K) of (jl.2p vanishing on dfl \ K is 
identically zero. 

As a corollary we prove that the above result remains true if u is a sigma-moderate 
solution of (jl.2p . The counterpart of this result is the following necessary condition for 
solving problem (|1.3| . 

Theorem 1.10 Assume q c < q < 2 and u is a positive moderate solution of (jl.2p with 
boundary data fi G 9Jt + (<90). Then /i is absolutely continuous with respect to the C2-, ,- 

g )9 

For the sake of completeness we give, in Section 5, the results corresponding to the 
two extreme cases, q = 2 and q = 1 for equation (|1.2[) . If q = 2 the Hopf-Cole change of 
unknown u = lnu transforms (|1.2[) into a Poisson equation. When q = 1, equation (|1.2[) is 
homogeneous of order 1 and the equation inherits many properties of the Laplace equation. 

We end this article with a result concerning the question of existence and removability 
of solutions of 

- Au + g(\Vu\) = fi inQ (1.19) 

where ft is a bounded domain in R and /1 a positive bounded Radon measure on f2. We 
prove that if 5 is a locally Lipschitz nondecreasing function vanishing at and such that 

gr(s)s ds < 00 (1-20) 

then problem (|1.19[) admits a solution. In the power case 

- Au+ \Vu\ q = [i infl (1.21) 

with 1 < q < 2, the critical exponent is q* = j^rj- We prove that a necessary condition 
for solving (jl.21j) with a positive Radon measure fi is that /j, vanishes on Borel subsets E 
with Ci^'-capacity zero. The associated removability statement asserts that ii K & compact 
subset of n such that Ci yq >(K) = 0, any positive solution of 

-Aw+|Vu| 9 = infl\K (1.22) 

is bounded and can be extended as a solution to the whole fi. 
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2 The Dirichlet problem and the boundary trace 



Throughout this article is a bounded domain in M. N (N > 2) with a C 2 boundary dfl and 
c will denote a positive constant, independent of the data, the value of which may change 
from line to line. When needed the constant will be denoted by Cj or C, for some indices 
i = 1,2,..., or some dependence will be made explicit such as c(a, b, ...) for some data a, 
&...For r > and x G R w , we denote by B r {x) the ball with radius r and center x. If x = 
we write B r instead of B r (0). 



2.1 Boundary data bounded measures 

We consider the following problem where /i belongs to the set $Jl(dfl) of bounded Borel 
measures on dfi 

f -Au + g(\Vu\) = in fl 

(2.1) 

[ u = [i on dfl. 

We assume that g belongs to the class Go which means that g : M + — > K + is a locally 
Lipschitz continuous nonnegative and nondecreasing function vanishing at 0. The integral 
subcriticality condition is the following 



oo 

2JV + 1 



g(s)s « ds < (X). (2.2) 

If g(r) = r g the integral subcriticality condition is satisfied if < q < q c := -^p-- 
Definition 2.1 A function u G L 1 (fi) such that g(\Vu\) G L\(fl) is a weak solution of (12. ip 

/ (-«AC + fl(|Vtt|)C)das = -/ (2-3) 
Jo Jan «n 

for all C G X(O) := {(/> G Cq 1 ^) : A0 G L°°(fi)}. 

If we denote respectively by G n and P n the Green kernel and the Poisson kernel in O, 
with corresponding operators G a and P a it is classical from linear theory that the above 
definition is equivalent to 

u = ¥ Q [ f x]-G n [g(\Vu\)}. (2.4) 

We recall that M^(Q) denote the Marcinkiewicz space (or weak LP space) of exponent 
p > 1 and weight /i > defined by 

M£(fi) =|t)£ iL(^) : 3C* > s. t. J \v\hdx < C\E\^*,~iE C Borel | , (2.5) 

where \E\h = / x E hdx. The smallest constant C for which (|2.5p holds is the Marcinkiewicz 
quasi-norm of i> denoted by ||i'||M p (fj) ano - the following inequality will be much useful: 

\{x:\v(x)\>\}\ h <\-*\\v\\ p Mm VA>0. (2.6) 

The main result of this section is the following existence and stability result for problem 
(EED- 
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Theorem 2.2 Assume g £ Qq satisfies (|2.2p . f/ien /or any /i € 9Jt + (<9Sl) i/iere exists a max- 

imaZ solution u — to problem (12.11) . Furthermore u G M N - 1 (fi) and |Vn| G Af d N (SI). 
Finally, if {/i n } is a sequence of positive bounded measures on dfl which converges to [i in 
the weak sense of measures and {u^ n } is a sequence of solutions of (|2.ip with boundary data 
fj, n> then there exists a subsequence such that {u^ } converges to a solution of (|2.ip in 
L 1 (f2) and {g(\Vu fJ , rlk \)} converges to g(\Vu^\) in L^(il). 

We recall the following estimates [5], [TB], [35] and [3T>] . 

Proposition 2.3 For any a G [0, 1], there exist a positive constant c\ depending on a, Q 
and N such that 

+ ||G>]|| < Cl H mMn) , (2.7) 

M d a ("J 

||VG>]|| <ci||i/|U <a(n) , (2.8) 

where 

\WWmtMn) : = i d a (x)d\v\ Vi/€0rt*.(fi), (2.9) 
l|P n [M]|L 1(0 ) + II^MlL^x^ + l|P n M||^ (n) < Cl H/ill^ao, , (2.10) 
||VP n [M]|l e sp rn <ciM m{m) , (2.11) 
/or any f G 9Jld<* (fi) and any G 9Jt(<9f2). 



Since Sf2 is C 2 , there exists 5* > such that for any 5 G (0,<5*] and x G f2 such 
that d(x) < <5, there exists a unique a(x) G 9f2 such that \x — cr(x)| = d(x). We set 
cr(a;) = Proj gn (x). Furthermore, if n = xi a t x \ is the normal outward unit vector to dtt at 
cr(x), we have x = a(x) — d(x)n a ( x y For S G (0, 5*], we set 

S! s = {i6fi: d(a;) < 5}, 

fij = {xefl: d(z) > 4: 

E 4 = = {x G : d(a:) - <5}, 

E := E = dfl. 

For any <5 G (0,<5*], the mapping x H> (S(x), (t(x)) defines a C 1 diffeomorphism from fig to 
(0, S) x E. Therefore we can write x = a{x) — d(x)n a ^ for every i G ilj. Any point £ G Sis* 
is represented by the couple (5, a) G [0,(5*] x E with formula x — a — Sn a . This system of 
coordinates which will be made more precise in the boundary trace construction is called 
flow coordinates. 

Proof of Theorem \2.2l Step 1: Construction of approximate solutions. Let {fJ, n } be a 
sequence of positive functions in C 1 (5f2) such that {^ n } converges to [i in the weak sense of 
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measures and ||A*n|lz,i(an) < c 2 llMllawan) for all n, where C2 is a positive constant independent 
of n. We next consider the following problem 

-Au + 5 (|V(«+P n [M„])])=0 in ft 

i) = on <9ft. ^ ' ' 

It is easy to see that and —V [fi n ] are respectively supersolution and subsolution of (|2.12|) . 
By [TH1 Theorem 6.5] there exists a solution v n £ W 2 ' p (Cl) with 1 < p < oo to problem 
(|2.12[) satisfying — P°[/i n ] < v n < 0. Thus the function u n = v n + P°[/i„] is a solution of 

-Au n + g(\Vu n \) = Q in ft (2 13) 

u n = /Lt„ on 9ft. 

By the maximum principle, such solution is the unique solution of (|2.13p . 

N 

Step 2: We claim that {u n } and {|Vu„|} remain uniformly bounded respectively in M N ~ 1 (ft) 

N + l 

and M d N (ft) . Let £ be the solution to 



-A£ = 1 in ft 

£ = on 9ft, 



(2.14) 



then there exists a constant C3 > such that 



- < -1^ < c 3 and ^ < £ < c 3 d(x). (2.15) 
c 3 dn c 3 

By multiplying the equation in (|2.13j) by £ and integrating on ft, we obtain 

[u n dx+ [ g(\Vu n \)£dx = - [ fi n ^-dS, 
Jn Jn Jan an 

which implies 

/ u„dx + / d(x)g(\Vu n \)dx < Ci\\n\\ m(dn) (2-16) 
Jn Jn 

where C4 is a positive constant independent of n. By Proposition 12.31 and by noticing that 
u n < P n [^ n ], we get 

l|Un|l A/i^T(o) - H pn ^IL^(o) - Cl ^ n ^^(an) < c i c 2 IHW(an) ■ ( 2 - 17 ) 
Set /„ = —g(\Vu n \) then /„ S ij(ft) and u n satisfies 

{-u n A{ - f n t)dx = - [ fl n ^dS (2.18) 
Jan on 

for any £ £ X(ft). From (|2.4[) and Proposition ^. 3[ we derive that 

\\Vu n \\^N+i^ < ci (||/„|| L i (n) + ||M«|| L i (a0 )) ' ( 2 - 19 ) 
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which, along with (|2.16[) . implies that 

||Vu„|j <CB|H| m(an) (2.20) 

where C5 is a positive constant depending only on f2 and N . Thus the claim follows from 
(|2~T7D and (gig} . 

5<ep 5: Existence of a solution. By standard results on elliptic equations and measure 
theory (9) Cor. IV 27], the sequences {u n } and {|Vw„|} are relatively compact in Lj oc (Q). 
Therefore, there exist a subsequence, still denoted by {u n }, and a function u such that {u n } 
converges to u in Lj oc (Q) and a.e. in fi. 

(i) The sequence {u n } converges to u in L 1 (f2): let E C f2 be a Borel subset, then 

K„efo < ||u n || M _^_ (n) < cic 2 |£;|^ ||MlU(9n) ■ ( 2 - 21 ) 
The convergence of {«,„} in follows by Vitali's theorem. 

(ii) The sequence g(\\7u n \) converges to g(\\7u\) in Lj(f2): consider again a Borel set £cfl, 
A > and write 



d(x)g{\Vu n \)dx < / d(a:)(7(|Vu„|)(ix + / d(x)g(\Vu n \)dx. 

E J EC\{x:\Vu n (x)\<\} J {x:\Vu rl (x)\>\} 

First 

d(x)g(\Vu n \)dx < g(X)\E\ d . (2.22) 



En{x:\\'u rl (x)\<\} 



Then 



/ d(x)g(\Vu n \)dx < - I g{s)duj n (s) 

J En{x:\\7u n (x)\>\} 



where u> n (s) — \{x € : |Vu„(x)| > s}\d- Using the fact that g' > combined with (|2.6 
and (pOO)) . we get 



g(s)dw„(s) = g(A)w„(A) - g(t)u n (t) + J u n (s)g' (s)ds 

W + l w + 1 

< g{X)uj n (X) -g(t)u n (t) +c 6 ||fi||g$ en) / s « 5 '(s)ds 

A 

< (w n (A) - c 6 llMll^an) A "~J - ^nW - c 6 HmH^o) ^ — J g(t) 



We have already used the fact that w„(A) < c§ WlA\<jn{dn) ^ N > an< ^ smce the condition 
(|2.2[) holds, liminf^oo t ™~g(t) = 0. Letting £ — > 00 we derive 

r N + l n±i f°° 2n+i 

/ d(x)g(\Vu n \)dx < c 6 — — |HU a n) / g{a)a—^~da. (2.23) 
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For e > we fix A in order that the right-hand side of (|2.23[) be smaller than |. Thus, if 

\ E \d < 2g(X)+l > we obtain 

/ d(x)g(\Vu n \)dx < e. (2.24) 

J E 

The convergence follows again by Vitali's theorem. Next for any £ e A (£7), we have 



{-u n &C,+g{\Vu n \)Qdx 



an dn 



(2.25) 



By taking into account the fact that |£| < cd in fi, we can pass to the limit in each term 
in (|2.25j) and obtain (|2~3|) : so u is a solution of (f2~Tj) . Clearly it e M^=r(fi) and |Vu| G 
M~(ft) from (1221) and Proposition l2~3l 

5<ep 4 : Existence of a maximal solution. We first notice that any solution u of (|2.ip is 
smaller than P fi [/i]. Then u < P^[/i] in and by the maximum principle u < us which 



satisfies 



in 



(2.26) 



J -A M5 +.g(|Vu 5 |) = 

As a consequence, < 6 < 5' ==> < u,5< in and 4- % which is not zero if fi is so, 
since it is bounded from below by the already constructed solution u. We extend us, \Vu$\ 
and <?(|Vit<j|) by zero outside fl s and still denote them by the same expressions. Let E C f2 
be a Borel set and put Es — E n £l' s then (|2.21[) becomes 



< Cl c 2 c 7 \E\7r |[/x|| m(E) . 
Set 05(2;) := dist (x, 0^) (= (d(x) — <5)+ if x G f2<s» := f2 \ £l' s ,), we have 



(2.27) 



/ 

Je, 



ds(x)g(\Vus\)dx < - 

I E s n{x:\Vu s \>\} 

where los(s) = \{x e ^ : |Vu5(a;)| > s}\d s - Since P n [/i] 
(I2.23[) become respectively 



g(s)du s (s), 

< c 7|ImII OT (S). PT22]) and 



B 5 n{a;:|ViX5(a:)|<A} 



ds(x)g(\Vus\)dx < g(X)\Es\d s 



and 



B a n{a;:|V^(a;)|>A} 



N + 1 ™+l 
d«(a;)3(|Vuj|)da; < c 6 — 



_2JV + 1 

<?(s)s N as. 



(2.28) 



(2.29) 



Combining (|2.28p and (|2.29|) and noting that l-E^ld,, < \E\d, we obtain that for any e > 
there exists A > 0, independent of 5 by (|2.28p . such that 



Es 



ds(x)g(\Vus\)dx < 



(2.30) 
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provided \E\a < 

G X(Q) we denote 



2g(A)+r 

Finally, if £ € JT(il) we denote by £5 the solution of 



Then 



(2-31) 

[ Cs = on S<5. 

/ (-u s A( s + g(\Vu 5 \)( s )dx = - f ^-¥ n [n]dS (2.32) 



Clearly |£<5 < Cd$ and C<5X r < ~~ ^ C uniformly in SI by standard elliptic estimates. Since the 

"s 

right-hand side of (|2.32p converges to — J dn §^dp,, it follows by Vitali's theorem that 
satisfies (|2.3[) . 

Step 5: Stability. Consider a sequence of positive bounded measures which converges 

weakly to /i. By estimates (|2.17l) and (|2.20l) . u^ n and ff(|Vu A1 „|) are relatively compact in 
L\ oc (Q) and respectively uniformly integrable in L 1 (57) and L\(Q). Up to a subsequence, 
they converge a.e. respectively to u and g(|Vu|) for some function u. As in Step 3, u is a 
solution of (1231). □ 



A variant of the stability statement is the following result which will be very useful in the 
analysis of the boundary trace. The proof is similar as Step 4 in the proof of Theorem 12.21 



Corollary 2.4 Let g in Qq satisfy (|2.2|) . Assume {6 n } is a sequence decreasing to and 
{fi n } is a sequence of positive bounded measures on T,s n — dfl' s which converges to \i in the 
weak sense of measures and let u^ n be solutions of (|2.1j) with boundary data //„ . Then there 
exists a subsequence {u^ n } of solutions of (|2.1j) with boundary data (i nk which converges to 
a solution with boundary data \x. 

2.2 Boundary trace 

The construction of the boundary trace of positive solutions of (|1.1[) is a combination of 
tools developed in [27]-[29] with the help of a geometric construction from [3]. 

Definition 2.5 Let fig G Tt(Eg) for all 6 G (0,6*) and /i G 3H(S). We say that fig — > \i as 
6 — >• in the sense of weak convergence of measures if 

lim / (f)(a(x))dns = [ 4>dfi G C c (£). (2.33) 

A function u G C(f2) possesses a measure boundary trace fi G !3Tt(£) if 

lim / cj)((T(x))u(x)dS = { <j)dn \/<P G C C (S). (2.34) 

Similarly, if A is a relatively open subset ofY,, we say that u possesses a trace fj, on A in the 
sense of weak convergence of measures if fx G OJl(A) and (|2.34|) holds for every <j) G C C (A). 
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We recall the following result [301 Cor 2.3], adapted here to (jl.ip . 

Proposition 2.6 Assume g : M.+ — > M + and let u G C 2 (f2) be a positive solution of (jl.ll) . 
Suppose that for some z G dfl there exists an open neighborhood U such that 

/ g{\Vu\)d(x)dx < oo. (2.35) 
Junn 

Then u G L X (K /or every compact set K <Z U and there exists a positive Radon measure 
v on £ nil such that 

lim / (j){a(x))u(x)dS = I <j>dv \/<p G C* C (E n [/). (2.36) 

Definition 2.7 Let u G C 2 (f2) 6e a positive solution of ^4 point z G c?fl is a regular 

boundary point of u if there exists an open neighborhood U of z such that (|2 .35[) holds. The 
set of regular points is denoted by TZ{u). Its complement S(u) = dfl \ lZ(u) is called the 
singular boundary set of u. 

Clearly lZ(u) is relatively open and there exists a positive Radon measure /i on lZ(u) 
such that u admits /i := /i(w) as a measure boundary trace on TZ(u) and /x(it) is uniquely 
determined. The couple (S(u),fj.) is called the boundary trace of it and denoted by trgfi(u). 

The main question is to determine the behaviour of u near S(u). The following result 
is proved in (3UJ Lemma 2.8]. 

Proposition 2.8 Assume g : R+ — > K + and u G C 2 (f2) be a positive solution of with 
the singular boundary set S{u). If z G S(u) is such that there exists an open neighborhood 
U' of z such that u G i 1 ([/' n Q), then for every neighborhood U of z there holds 

lim / u(x)dS = oo. (2.37) 

Corollary 2.9 Let u G C 2 {VL) is a positive solution of (|L2l with § < q < 2. Then (|2.37[) 
holds for every z G S(u). 

Proof. This is a direct consequence of Lemma l3.2l since > ~ 1 implies it G L 1 (0). □ 
We prove below that this result holds for any 1 < q < 2. 

Theorem 2.10 Assume g : R+ — >■ R+ is continuous and satisfies 

liminf^>0 (2.38) 

i — >oo r^ 

where 1 < q < 2. If u G C 2 (ft) is a positive solution of t/iert (|2.37p ZioZds /or every 

z G 5(w). 
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Proof. Up to rescaling we can assume that g{r) > r q — r for some r > 0. We recall some 
results from [B] in the form exposed in [31 Sect 2]. There exist an open cover {Hj}j =1 of S, 
an open set V of R* -1 and C 2 mappings Tj from V to Ej with rank N — 1 such that for 
each cr G Ej there exists a unique a G 2? with the property that cr = Tj(a). The couples 
{2?, Ij -1 } form a system of local charts of E. If we set fl, = {x G 57^* : <r(x) £ Ej} then for 
any j = 1 , . . . , k the mapping 

IT, : (5, a) h4 x = T,'(a) - 5n 

where n is the outward unit normal vector to E at Tj(a) — cf{x) is a C 2 diffeomorphism 
from (0,5*) x £> to f2j. The Laplacian obtains the following expressions in terms of this 
system of flow coordinates provided the lines o~i = ct are the vector fields of the principal 
curvatures Ki on E 

A = A S + A a (2.39) 

where 

^ = ^-{N-l)H§- 5 (2.40) 
with H — H(S, .) = N 1 _ 1 53i=i l-s a- being the mean curvature of Ea and 

A= ^yi( M A\ {24 i) 

In this expression, A = (A,y) is the metric tensor on E and it is diagonal by the choice of 
coordinates and |A| = IL^ Aa(l — 8Ri) 2 . In particular 

N-l £2 

|V£| 2 = a n ;-\ ^ + $ ( 2 - 42 ) 
f-J Ajj(l - dK l + K i4 d 2 ) 

and 

jv-i . 

V ^ = g A M (i-gw 2 ) + ^ = V ^ + ^ (2 ' 43) 

If z G <S(u) we can assume that Us '■= U H E is smooth and contained in a single chart 
Ej. Let be the first eigenfunction of in W ' (Us) normalized so that max^ cf> = 1 and 
a > 1 to be made precise later on. From — Asu — A a u + i(|Vu| 9 — r) + ig(|Vu|) < 0, we 
obtain by multiplying by 4> a and integrating over [/s 

d 2 f ,„ ,„ /" 9m 



d<5 2 



/ u<t> a dS + (N-1) [ ^-4> a HdS + a[ 4> a ^ V CT u. V CT 

i/ ^(|V U |»-r)d5+i / ^(|V«|)dS<0. 



(2.44) 



Provided a > q' — 1 we obtain by Holder inequality 



,a-l 



V 'o-m.V o-(f>dS 



<ef \Vu\ q (f> a dS + / |V CT 0| 9 V Q " 9 '^ 



(2.45) 
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and 



do 



< e \\H\\ LOO I \\7um a dS + e— \\H\\ Lao / ^ a dS (2.46) 

Us J Us 



I Us 

with e > 0. We derive, with e small enough, 

u^dS > Q - c 8 e) ^ |Vu| 9 * a dS + 0«s(|Vu|)dS - 4 (2-47) 
where c§ = cs(q,H) and c 8 = c' s (N,q,H). Integrating (|2.47[) twice yields to 

/ u(5,.)cf> a dS> (l-cse) [ [ \Vu\ q (t> a dS(T-8)dT + \{ 4> a g{\Vu\)dS - 

JUs \ Z / JS JUs l JUs 

(2.48) 

Since z S S(u), the right-hand side of (|2.48| tends monotically to oo as 6 — > 0, which implies 
that (BHD holds. □ 

Remark. It is often usefull to consider the couple (S(u),n) defining the boundary trace of 
u as an outer regular Borel measure v uniquely determined by 

V[tj > ~ \ oo if EDS{u) ^0 [ZA ^> 

for all Borel set E C 9f2, and we will denote irgn(w) = v(u). 

The integral blow-up estimate (|2.37|) remains valid if g £ Go and the growth estimate 
(f2T38]) is replaced by (j2~2"]l . 

Theorem 2.11 Assume g £ Q$ satisfies (|2.2p . If u £ C 2 (il) is a positive solution of 
f/ien (|2.37p ZioWs /or every z £ S(u). 

Proof. By translation we assume z = £ S(u) and (|2.37p does not hold. We proceed by 
contradiction, assuming that there exists an open neighborhood U of z such that 



liminf / udS < oo. (2.50) 

Js 6 nu 

By Proposition ^. 8[ for any neighborhood U' of z there holds 

udx = oo, (2-51) 



one/' 



which implies 



limsup / udS = oo. (2.52) 

<5^o Js s nU' 

For n 6 N*, we take E7' = B± ; there exists a sequence {i5n,fe}feeN satisfying linifc^oo S n .k = 
such that 

lim / udS = oo. (2.53) 
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Then, for any I > 0, there exists kg := k n< e G N such that 

ft > kg =*> / udS>£ (2.54) 

and ft n ^ — > oo when n — > oo. In particular there exists m := m(£, n) > such that 

[ M{u,m}dS = £. (2.55) 

By the maximum principle u is bounded from below in Q' s fc by the solution v :— v$ n k{ of 

<^ _ n '** (2.56) 

|^ u = inf{it, m} on Sa n fe . 

When n — > oo, inf{w, m(£, n)}^ converges in the weak sense of measures to £<5o- By Corol- 
lary [23] there exists a solution ugg such that Vs„ k( — > ugg when n — ¥ oo and consequently 
u > w^5 in fi. Even if may not be unique, this implies 

liminf [ uC(x)dS > lim / ut S Mx)dS = I (2.57) 

for any nonnegative £ G C°°(R JV ) such that £ = 1 in a neighborhood of 0. Since I is arbitrary 
we obtain 

liminf/ uC(x)dS = oo (2.58) 
which contradicts (|2.50|) . □ 



3 Boundary singularities 

3.1 Boundary data unbounded measures 

Since the works of Keller [17] and Osserman [31] , universal a priori estimates became classical 
in the study of nonlinear elliptic equations with a superlinear absorption. Similar results 
holds for posiitive solutions of (|1.2p under some restrictions. We recall that for any q > 1, 
any solution u of (|1.2|) bounded from below satisfies [21] Th Al] the following estimate: for 
any e > 0, there exists C e > such that 

sup |Vn(ar)| < C e . (3.1) 

d(x)>t 

Later on Lions gave in [24] Th IV 1] a more precise estimate that we recall below. 
Lemma 3.1 Assume q > 1 and u € C 2 (f2) is any solution of (|1.2p in fl. Then 

\Vu(x)\ <G\(N,q)(d(x)y^r Viefi. (3.2) 
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Similarly, the following result is proved in |24j . 

Lemma 3.2 Assume q > 1 and u £ C 2 (Q) is a solution of (|1.2|) in Q. Then 

\u(x)\ < ° 2 ^^ ((d(x))& +max{| M (z)| :zeSf.} VseO (3.3) 

if q 7^ 2, and 

|tt(ar)| <C 3 (iV) (lii<y*-lnd(aj))+njax{|u(*)|:zGSi.} Vx g n (3.4) 
if q = 2, for someC 2 (N,q),C 3 (N)>0. 

Proof. Put M,5* := max{|u(z)| : z £ £5*} and let x g f2<5», a; = cr(a;) — dfa;)^^) , and 
xo = o~(x) — 8*n a r x y Then, using Lemma |3. II and the fact that cr(x) — o~(xo), 

\u{x)\ < M s , + [ \^u(tx + (1 -t)x )\ dt 

Jo ,1 (3.5) 

< M 5 . + Ci(N,q) / (td(x) + (1 - t)S*y^(S* - d(x))dt. 



Thus we obtain (|3 . 3[) or (|3.4I) according to the value of q. □ 

If q = 2 and it solves (ll.2[) . w = e" is harmonic and positive while if q > 2, any solution 
remains bounded in f2. Although this last case is interesting in itself, we will consider only 
the case 1 < q < 2. 



Lemma 3.3 Assume 1 < q < 2, £ 50 and u <G C(S! \ {0}) n C 2 (S1) is a solution of (fl~2~ 
m f2 which vanishes on dfl \ {0}. TTien 



w(x) < C 4 (g)|x|f=r VseO. (3.6) 



Proof. For e > 0, we set 



if r < e 

P £ (r) = { ^ + ^_6ri + 5 r _^ ife<r<2e 
r - ^ " if r > 2e 

and let u e be the extension of P e (u) by zero outside fi. There exists i?o such that f2 C -Br - 
Since < P' 6 {r) < 1 and P e is convex, u e £ C 2 (R N ) and it satisfies -Au £ + |Vu e | 9 < 0. 
Furthermore u e vanishes in Bf/ Q . For R > Rq we set 

Ue, R {x) = C 4 (g) ((|a:| - e)& _ (i? - e )H) Vx g B fl \ B e , 

q-2 

where 64(0) = (q — l)?- 1 (2 — (?) , then — A[/ C! _r+ iVC/e^J 9 > 0. Since u e vanishes on 8Br 
and is finite on dB e it follows it e < U e: R in Br \ B t . Letting successively e — > and R — > 00 
yields to (HH). □ 



Using regularity we can improve this estimate 
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Lemma 3.4 Under the assumptions of Lemma \3.S\ there holds 

\Vu(x)\<C 5 (q,Q,)\x\~^ Viefi. (3.7) 

and 

u{x) < C 6 (q,ft)d(x)\x\~^ Vx G ft. (3.8) 

Proof. For I > 0, we set 

T e [u](x) = £^u(£x) Vx G ^ := -^O. (3.9) 

2-g 

If x 6 O, we set \x\ = d and Ud{y) — Td[u](y) = di- 1 u{dy). Then Ud satisfies (|1.2[) in 
O d = jQ. Since d < d* := diam(O), the curvature of dfl d is uniformly bounded and 
therefore standard a priori estimates (see e.g. |15j ) imply that there exists c depending on 
the curvature of fl d and max{|w ( i(2/)| : ^ < \y\ < |} such that 

\Vu d (z)\<c Vz G O d ,|j < |z| < (3.10) 

By (|3.6j) . c is uniformly bounded. Therefore Vit(dz) < cd~~ which implies (|3.7p . Finally, 
(GEED follows from (JSU) and ([XT]). □ 

In the next statement we obtain a local estimate of positive solutions which vanish only 
on a part of the boundary. 

Proposition 3.5 Assume 1 < q < 2. Then there exist < r* < S* and CV > depending 
on N , q and ft such that for compact set K C dfi, K ^ dfl and any positive solution 
u G C(fi \ K) n C 2 (0) vanishing ondft\K of (|i~2|) . t/iere /10/cfc 

< C 7 d{x)(d K (x))~^ V.x G O s.i. < r*, (3.11) 

where c?_r-(x) = dist (a:, i*Sf). 

Proof. The proof is based upon the construction of local barriers in spherical shells. We fix 
x G such that e?(:r) < <5* and a(x) := Proj gn (x) G 30 \ K. Set r = dx(x) and consider 
|r < r' < |r, r < 2~V and w x = ct(x) + m x . Since 90 is C 2 , there exists r* < <5*, 
depending only on ft such that dxi^x) > g?" provided d(x) < r*. For A, B > we define 

q-2 

the functions s i;(s) = ^4(r' — s) 9- 1 — £? and y *-> v(y) = v(\y — u> x \) respectively in [0, r') 
and B r i(uj x ). Then 

-v"(s)-^-^v'(s) + \v'(s)\i 

S = A^jr' - s)-* - (JV - W ~ S) + 9 " X 1 ■ 

?-i v ' V 9-1 s v 9-1 ; y 

We choose A and r > such that 

1 + JV+- ^— < P (3.12) 



g — 1 r V q-1 
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so that inequality —At; + \Wv\ q > holds in B r /(cj x ) \ B T (ui x ). We choose B so that 

v(a(x)) = v(t) = 0, i.e. B = A(r' - t)?=t. Since r < S* , B T (oo x ) C O c therefore v > on 
dfi fl B r i {uj x ) and v > u on f2 (~1 <9-B r < (wj). By the maximum principle we obtain that u < v 
in 17 (~l B r i{uj x ) and in particular u{x) < v(x) i.e. 

u{x) < A ((r' -r - d(x))^r _ ( r ' - r )f^) < A ^~^ (r - r - d(a)) _ ^d(a!). (3.13) 

If we take in particular r = y and <i(a;) < 5, then ^4 = j4(AT, q) and 

u(x) < c 9 r'"^ rr d(a;). (3.14) 

where eg = c 9 (7V, g). If we let r' — > |r we derive (|3.11|) . Next, if a; e O is such that d(x) < 
(5* and d(x) > ^djc[x), we combine (|3.11[) with Harnack inequality [33], and a standard 
connectedness argument we obtain that u(x) remains locally bounded in O, and the bound 
on a compact subset G of O depends only on K, G, N and q. Since cLk{x) > d(x) > jcIk(x) 
it follows from Lemma 13721 that (|3.11[> holds. Finally (13.11[) holds for every x € O satisfying 
d(x) <r*. □ 



As a consequence we have existence of positive solutions of (|1.2j) in O with a locally 
unbounded boundary trace. 

Corollary 3.6 Assume 1 < q < q c . Then for any compact set K C dfl, there exists a 
positive solution u of (|1.2j) in O such that tron(u) = (S (u) , /j>(u)) = (K,0). 

Proof. For any < e, we set K e = {x G dil : d}c(x) < e} and let ip e be a sequence of smooth 
functions defined on <90 such that < ip e < 1, t/j e — 1 on K e , tp e = on <90 \ K 2e (e < £o so 
that 90 \ JT 2 e 7^ 0)- Furthermore we assume that e < e' < Co implies t/j e < ip e >. For k 6 N* 
let m = iifc iC be the solution of 

f -Au+ |Vw|« = in O 

{ (3.15) 
[ u = kipe on dfl. 

By the maximum principle (fc,e) i-4 itfc, e is increasing. Combining Proposition 13.51 with the 
same Harnack inequality argument as above we obtain that Uk,e{x) remains locally bounded 
in O and satisfies (|3.11[) . independently of k and e. By regularity it remains locally compact 
in the C^-topology of O \ K. If we set Woo,e = hm/c-^oo then it is a solution of (|1.2|) in 
O which satisfies 

lim Uoo.e(^) = oo Vy 6 K e , 



locally uniformly in K t . Furthermore, if y G K e is such that Bg(y) fl 90 C X e for some 
9 > 0, then for any fc large enough there exists Ok < such that 

X dS = k~ 1 . 

an B ^ y)nm 
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For any I > 0, Uki^ is bounded from below by u := Ufc^s,, (j/)nan which satisfies 

-Au+ |Vu| 9 = in O 

ti = fc£v on dfl. (3.16) 

When k — > oo, u^ B e ( y ) converges to 14^5 by Theorem l2.2l for the stability and Theorem l3.17l 
for the uniqueness. It follows that Uoo,e > . Letting e — > and using the same local 
regularity-compactness argument we obtain that uk '■= Uoo,o — lim e _>o Uoo,e is a positive 
solution of (| 1 . 2[) in f2 which vanishes on d£l \ K and satisfies 

uk > uis y lim / u K (x)dS > £, 



6^0 



Ejns T (j/) 



for any t > 0. Since t and £ are arbitrary, (|2.37p holds, which implies that y € S(uk)- 
Clearly ^(uk) = on 1Z{uk) = c*Sl \ S(uk) which ends the proof. □ 

In the supercritical case the above result cannot be always true since there exist re- 
movable boundary compact sets (see Section 4). The following result is proved by an easy 
adaptation of the ideas in the proof of Corollary [ 



Corollary 3.7 Assume q c < q < 2 and let G C dfl. We assume that the boundary d gn G C 
dil satisfies the interior boundary sphere condition relative to dtt in the sense that for any 
y G d gn G, there exists e y > and a sphere such that B Cy n dil C G and y £ B Ey . If 
S := G ^ dfl there exists a positive solution u of \1.2\ with boundary trace (S, 0). 

Remark. It is worth noticing that the condition for the singular set to be different from all 
the boundary is necessary as it is shown in a recent article by Alarcon-Garcia-Melian and 
Quass .2. . When q c < q < 2 and 8 C dil it is always possible to construct a positive solution 
u e (e > 0) of (jl.2p with boundary trace (0^, 0), where C = {x £ <9f2 : de(x) < e} and the 
complement is relative to dfl. Furthermore e i — > w e is decreasing. If has an empty interior, 
Proposition 13.51 does not apply. We conjecture that lim c _j.o u e depends on some capacity 
estimates on 0. 

The condition that a solution vanishes outside a compact boundary set K can be weak- 
ened and replaced by a local integral estimate. The next result is fundamental for existence 
a solution with a given general boundary trace. 

Proposition 3.8 Assume 1 < q < 2. U C dil is relatively open and [i 6 9Jl(U) is a 
positive bounded Radon measure. Then for any compact set 8c0 there exists a constant 
Cs = Cg(N, q, H, 0, ||ju||(jrt(m) > such that any positive solution u of (|1.2[) in Q with 
boundary trace (S, //) where S is closed, U C dtt \S := 1Z and fi' is a positive Radon 
measure on 1Z such that \i!\u = /i. there holds 

u(x) <C$ Vx e 0. (3.17) 
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Proof. We follow the notations of Theorem 12.101 Since the result is local, without loss of 
generality we can assume that U is smooth and contained in a single chart Ej. Estimates 
(|Zli| - (|2Tig| are still valid under the form 



u(6,.)<p a dS- / u(S*,.)<p a dS 
u Ju 

> (1 - cioe) / / |Vu|»^dS(r - S)dr - (S* - S) f |f (5* , .)0 Q dS - c' 10 

(3-18) 

where cio = c\o(q,H) and c' 10 = c' w (N, q, H). Since the second term in the right-hand side 
of (|3.18p is uniformly bounded by Lemma T3.ll it follows that we can let S — > and derive, 

u(5*,.)cl> a dS + (l-c w e) f [ \Vu\^ a rdSdT < f ^d/z + c^ < \\n\\ mm + c'{ , (3.19) 
Jo Ju Ju 

where c'{ depends on the curvature H , N and q. This implies that there exist some ball 
B a (a), a > and a G U such that B a (a) fl d£l C U and 

f \Vu\ q d(x)dx < \\n\\ m(u) + c'/ , 

JB„(a)nfi 



(3.20) 



Thus, if B ^(b) is some ball such that Bp(b) C B a (a) n fi, we have 

|Vu|«<fc < (d(6) -/3)- 1 + c i'o) • 

If in A3. 18)) we let S — > and then replace S* by S 6 (£1, <S*] for <$i > we obtain 
yVdA* > J^S, .)<j>«dS - (<5* - 8)JJjj(S, -)<t> a dS - c'{' Q 



(3.21) 



(3.22) 



where c'" = c"' (N,q,H, \\l^\\ w ^)- By Lemma [3~TI the second term in the right-hand side 
remains bounded by a constant depending on Si, H, N and q. Therefore f v u(S, .)4> a dS 
remains bounded by a constant depending on the previous quantities and of ||M|lart(i/) anc ^ 
consequently, assuming that d(x) > 5\ for all x £ Bp{b) (i.e. d(b) — (3 > Si) 



u B fi (b) ■- 



udx < c\\ 



\Bp{b)\ jBft{b) 

where en depends on 5\ y H, N, q and ||Hlot(t/)- ^ Poincare inequality 

- r - 
If u q dx) <c' n If \Vu\"dx] +\B (b)\-«u Bp(b) 

\JB H (b) / \JB*(b) I 



(3.23) 



(3.24) 



Combining (I3.2ip and (|3.23[) we derive that ( 6 \) remains bounded by a quantity 

depending only on Si, H, N and q and [[/^[Irptfc/)- By the classical trace theorem in Sobolev 
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spaces, ||w|lx,»(g5 (b)) remains also uniformly bounded when the above quantities are so. By 
the maximum principle 

u(x)<P B ^[u\ eBp{b) ](x) VxeB p (b), (3.25) 

where P B f^ denotes the Poisson kernel in Bp{b). Therefore, u remains uniformly bounded 
in Bp(b) by some constant d{ x which also depends on ||A*||g^(m, N, q, fl, b and /3, but not 
on u. We end the proof by Harnack inequality and a standard connectedness argument as 
it has already be used in Corollary 13. 61 □ 



The main result of this section is the following 

Theorem 3.9 Assume 1 < q < q c , K C dfl is closed and (i is a positive Radon measure 
on 1Z := dfl \ K . Then there exists a solution of l|1.2|) such that trg^u) = (K, fi). 

Proof. For e' > e > we set v t ^i = kx w + X^cM an d denote by u^e',^ the maximal 
solution of 

{ -Au+ iVul 9 =0 in Q. 

„ (3-26) 
I u — v e<e i on oil. 

We recall that K e := {x G dfl : dxix) < e}, so that i/ e>e / is a positive bounded Radon 
measure. For < e < eo there exists y G 1Z and 7 > such that B 1 {y) C K c tQ . Since 



is uniformly bounded, it follows from Proposition 13.81 that u £ e / & M remains 

9J!(-R.) 

locally bounded in f2, uniformly with respect to fc, e and e'. Furthermore (fc, e, e') 1— > 
is increasing with respect to k. If u e , e ',oo,^ = lim^oo u £ . £ ^^, it is a solution of (|1.2[) in Q. 
By the same argument as the one used in the proof of Corollary 13.61 any point y e K is 
such that Ug^/.oo^ > u« for any £ > 0. Using the maximum principle 

(e 2 < ei, e'x < 63, fci < fc 2 ) =^ (^,4,^,,, < ite 2 ,e^fe 2)A i) (3-27) 

Since u e ^ e i tOC ^ remains locally bounded in 17 independently of e and e', we can set uk,^ = 
linv_,.o lim c _,.o u e,e'.oo,/j then by the standard local regularity results ujs- j(i is a positive so- 
lution of (|1.2p in fL Furthermore uk,^ > U£5 V , for any y £ if and £ > 0; thus the set of 
boundary singular points of u^^ contains K. In order to prove that trgQ(uK,oo) — (K,^,) 
consider a smooth relatively open set U C 1Z. Using the same function <f> a as in Proposi- 
tion [31B1 we obtain from (|3.19[) 

/ uk.US*, -)^ a dS + (1 - ci e) f [ \\7u K ^\"(j) a TdSdT < [ dfx + c'{ . (3.28) 
Ju Jo JU JU 

Therefore U is a subset of the set of boundary regular points of uk, 00, which implies 
trao (u) = (K. //) bv Proposition 121)1 □ 

Remark. If q c < <? < 2, it is possible to solve (|3.26[) if /x is a smooth function defined in TZ 
and to let successively k — ¥ 00; e — » and e' — > using monotonicity as before. The limit 
function u* is a solution of (jl.2l) in VL. If trgn(u*) — (S*,n*), then S* C K and ^*|^ = ^. 
However interior points of K, if any, belong to S* (see Corollary 13. 7p . 
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3.2 Boundary Harnack inequality 

We adapt below ideas from Bauman [5], Bidaut-Veron-Borghol-Veron [7] and Trudinger 
33J- [34] in order to prove a boundary Harnack inequality which is one of the main tools for 
analyzing the behavior of positive solutions of (|1.2p near an isolated boundary singularity. 
We assume that fl is a bounded C 2 domain with S d£l and S* has been defined for 
constructing the flow coordinates. 

Theorem 3.10 Assume G dVl, 1 < q < 2. Then there exist < r < S* and C 9 > 
depending on N , q and Q such that for any positive solution u £ C(QU((dfl\{0})r\B 2ro ))f~) 
C 2 (fl) of (If .21) vanishing on (<9fi \ {0}) fl B 2ro there holds 

u(y) u(x) Cau(y) 
xy > < _LJ. < (3.29) 



C 9 d(y) ~ d(x) ~ d(y) 
for every B^ n fl satisfying tyf < \x\ < 2|y|. 

3 

Since fi is a bounded C 2 domain, it satisfies uniform sphere condition, i.e there exists 
ro > sufficiently small such that for any x € dft the two balls B ro (x — ron x ) and B ro (x + 
roii x ) are subsets of O and fl respectively. We can choose < ro < min{<5*, 3r*} where r* 
is in Proposition [ 



We first recall the following chained property of the domain fl [5]. 

Lemma 3.11 Assume that Q £ dfl, < r < r and ft, > 1 is an integer. There exists an 
integer No depending only on ro such that for any points x and y in fl n B$r (Q) verifying 
min{d(a;), d(y)} > r/2 h , there exists a connected chain of balls B%, Bj with j < Noh such 
that 

x € Bi,y e Bj, B t n B l+1 ^ for 1 < i < j - 1 , . 

and 2B t C B 2r (Q) Dfl for 1 < i < j. { ' 

The next result is an internal Harnack inequality. 

Lemma 3.12 Assume Q € (dfl\ {0}) n B^ and < r < \Q\ /4. Let u e C(fl U ((dfl \ 

3 

{0}) l~l B 2ro )) n C 2 (fl) be a positive solution of (|f .2[) vanishing on (dfl \ {0}) fl i?2r - 27ien 
there exists a positive constant C12 > 1 depending on N , q, 5* and ro such that 

u(x) < c h 12 u{y), (3.31) 

for every x,y £ B^(Q) n f2 swc/i that mm{d(x) , d(y)} > r/2 h for some h e N. 

Proof. We first notice that for any ^ > 0, Tj?[u] satisfies (|1.2[) in fr where TJj is defined in 
p.9[) . If we take in particular I = \Q\, we can assume \Q\ = 1 and the curvature of the 
domain fl>Q> remains bounded. By Proposition ^. 51 



u{x) <C 7 Vie B 2r (Q) n fi (3.32) 

where C 7 depends on N, q, S* . By Lemma 15.111 there exist an integer N depending on r 
and a connected chain of j < Ngh balls Bi with respectively radii r, and centers a;,, satisfying 
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p.30p . Hence due to [331 Corollary 10] and [Ml Theorem 1.1] there exists a positive constant 
c' 12 depending on N, q, 5* and ro such that for every 1 < i < j, 

sup it < c' 12 inf u, (3.33) 



B, 



D 



which yields to (|3 . 3 1[) with C12 = c' 12 °. □ 
By proceeding as in [5] and [7], we obtain the following results. 

Lemma 3.13 Assume the assumptions on Q and u of Lemma 1 3.1 ffl are fulfilled. If P G 
dQ H B r (Q) and < s < r, there exist two positive constants 8 and C13 depending on N , q 
and Q such that 

u(x) < c J X ~P M SiP (u) (3.34) 
s° 

for every x £ B S (P) n fl, where M Si p(u) = max{u(z) : z £ B S (P) n f2}. 

Corollary 3.14 Assume Q £ (dft \ {0}) n B^ and < r < \Q\ /8. Let u £ C(0 U ((5fi \ 

{0}) n B 2ro )) n C 2 (f2) positive solution of (|1.2[) vanishing on (c?f2 \ {0}) (~l i?2r ■ Then there 
exists a constant C14 depending only on N , q, 6* and ro such that 

u(x) < c 14 u(Q - ^n Q ) Vx e B r (Q) n ft. (3.35) 

Lemma 3.15 Assume Qe {0}) n B^ and < r < IQI /8. Let u G C(tt U ((90 \ 

3 

{0}) n £?2r )) n C 2 (f2) positive solution of (|1.2p vanishing on (dfl \ {0}) n i?2r - L/ien i/iere 
exist a G (0, 1/2) and C15 > depending on N , q, 5* and ro smc/i t/iat 

1 t u(P-tn p ) t 
< -77: — ? r < C15- 3.36) 

/or any P G B r (Q) ndtl and <t < §r. 

Proof of Theorem \3.1(A Assume x £ B^ n Q and set r = ^ . 

Step 1: Tangential estimate: we suppose d{x) < |r. Let Q £ <9f2 \ {0} such that \Q\ = \x\ 
and x £ B r (Q). By Lemma \'S. 151 

8 u(Q-§n ) < m(x) < gc ^ M (Q- i n o) (3 3^ 

ci 5 \x\ ~ d[x) ~ \x\ 

We can connect Q — |n Q with — 2rn by mi (depending only on AT) connected balls B. L = 
B(xi 7 j) with Xi £ ft and d(xi) > | for every I < i < mx- It follows from (I3.33P that 

ci 2 mi U (-2rn ) < u(Q - ? -n Q ) < c'™ 1 n(-2rn n ), 



which, together with (|3.37p leads to 



8 U (-2rn ) < ^ < g^^Ift^EJ. (3 . 3 8) 
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Step 2: Internal estimate: d{x) > |r. We can connect — 2rn with x by m,2 (depending only 
on N) connected balls B[ = B(x' i , fr) with x\ 6 £1 and d(x' i ) > §r for every 1 < i < m<^. 
By applying again (|3.33l) and keeping in mind the estimate j \x\ < d{x) < \x\, we get 

a u(-2rn ) < <z) < 4cff a u(-2m ) 3Q 



4c'™ 2 |z| " dfx) 

(Step i?7i(i of proof. Take ^ < s < 2\x\, we can connect — 2rn Q with -sn Q by 7713 
(depending only on N) connected balls B" — B(x" , |) with x'( £ il and d(x") > r for every 
1 < i < m 3 . This fact, joint with flOg) and (1535]) , yields 

1 u(- S n ) <^M< c ,<z^o) (3 40) 



where C 9 = Cg(N, q, f2). Finally let ?/ £ B2r n n f2 satisfy ^ < |y| < 2 By applying twice 
(I3T4H we get (j3~2^D with C 9 - C 9 2 . □ 

A direct consequence of Theorem l3.10l is the following useful form of boundary Harnack 
inequality. 

Corollary 3.16 Let u, £ C(Q U ((dfl \ {0}) n B 2ro )) n C 2 (fl) (i = l,2) be two nonnegative 
solutions of (|1.2p vanishing on (dCt\ {0}) C\B2 ro ■ Then there exists a constant C\o depending 
on N , q and Q such that for any r < -S 51 



sup( ^l;xenn(B r \Br) 

\u 2 {x) 



< do inf ( : x e fi n (fl r \ Br ) 

\u 2 (a;) 2 



(3.41) 



3.3 Isolated singularities 

Theorem 12.21 assert the existence of a solution to (|2.ip for any positive Radon measure /_i if 
g € Go satisfies (|2.2|) . and the question of uniqueness of this problem is still an open question, 
nevertheless when /j — 5 Z with z 6 c?r2, we have the following result 

Theorem 3.17 Assume 1 < q < q c , z £ 9f2 and c > 0. TVien i/iere exists a unique solution 
u := u c s z to 

-Au+ \Vu\ q = in n , , 

M = c5 z on dQ, 

Furthermore the mapping c 1— > n^ is increasing. 

Lemma 3.18 Under the assumption of Theorem \3.17[ there holds 

\Vu(x)\ < dic\x-z\~ N VseO (3.43) 
with C\\ = Cn(N,q, k) > where k is the supremum of the curvature of dfl. 
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Proof. Up to a translation we may assume z = 0. By the maximum principle < u(x) < 
cP n (x,0) in fl For < £ < 1, set vt = T t [u] where T e is the scaling defined in (|3.9p , then 
ve satisfies 

f -A^ + IV^I 9 = in , 

,2=f+i-JV x ~ n t (3-44) 

I ve = ti- 1 cd on oil 

where Q e = jSl and by the maximum principle 

< Vi(x) < £^ +1 - N cP n \x,Q) Vi £ fi*. 
Since the curvature of d£l l remains bounded when < I < 1, there holds (see [22j ) 

sup{|Vw £ (a;)| : a; G n e n (S 2 \ Bi)} 

< sup{w f (a;) 2 : i£S]'n(B 3 \ Bi)} 

< C' xl £^ sup{w(foi) : i G ft £ n (B 3 \ Bi)} ^ 3 ' 45 ^ 

< Ciic£9- 1 

where Cn and C xl depend on TV, q and k. Consequently 

£^ +1 \Vu\{£x) < C 11 {N : q,n)c£^ +1 ^ N Vxen i n(B 2 \Bi), W > 
Set £x — y and |x| = 1, then 

Nu(y)\<C 11 \y\- N Vyetl. 

□ 

Lemma 3.19 

lim £M^0^ (3.46) 

|sc|— >-0 P(X, 0) 

We recall the following estimates for the Green fuction ([7], [16], [35] and [36] ) 

y) < c 16 d(x) \x - y^~ N \/x,y G ft,x ^ y 

and 

G Q (x, y) < c 16 d(x)d(y) \x - y\~ N Vx, y £ O, x ^ y. 
where ci6 = Cie(iV, Q). Hence, for a G (0, TV + 1 — ATg), we obtain 

l— a 



G n (z, y) < (c 16 d(x) \x - y\ x fc 16 d(x)d(y) \x - y\ N 
= ci & d(x)d(y) 1 ~ a \x - y\ a ~ N Vi,i/eO,i^ y, 

which follows that 

G n [H 9 ] n I ia—N I il—Nq-a 



(3.47) 



P n (x,0) 



<c 16 \xr \x-y\ a -"\ y r^- a dy (3.48) 
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By the following identity (see p. 124]), 

/ \x-y\ a - N \y\ 1 - N *- a dy = J lli \x\ 1 - N * 
where c' 16 = c' 16 (N, a), we obtain 



(3.49) 



l n \\x\- Nq ] 



<c 16 c' 16 \ X \ N+1 - N ". (3.50) 



P n (x,0) 

Since N + 1 - Nq > 0, (l3~46)l follows. □ 
Proof of Theorem [3H3 Since u = c¥ Q [S ] - G Q [\Vu\% 

u(x) 

lim n/ v ; r = c. (3.51 

Let u and u be two solutions to (|3.42p . For any s > 0, set u e = (1 + e)u then it e is a 
supersolution. By step 3, 

v Us ^ ft I ^ 
lim — r=r- = 1 + e c. 

Therefore there exists 5 = 5(e) such that u e > u on SI n 95,5. By the maximum principle, 
it e > u in Jl \ E>s- Letting e — > yields to u > u in fi and the uniqueness follows. The 
monotonicity of u c g a comes from (|3 . 5 1 1) . □ 

As a variant of the previous result we have its extension in some unbounded domains. 

Theorem 3.20 Assume 1 < q < q c , and either ft = := {x = (x',x^) : xn > 0} or <9S1 
is compact with G dd. Then there exists one and only one solution to problem (|3.42j) . 

Proof. The proof needs only minor modifications in order to take into account the decay of 
the solutions at oo. For R > we set J1_r = ft H Br and denote by u := u^ Sq the unique 
solution of 

-Aw+|Vii| 9 =0 hxQ R 

u = cSq on dflR. 

Then 

u% {x) < cP Qr (x,0) Vxen R . (3.53) 

Since R h4 P nR (.,0) is increasing, it follows from (|3.51[) that i? n> is increasing too 
with limit u* and there holds 

u*{x) < cP n (x,0) Viefi. (3.54) 

Estimate (I3.43[) is valid independently of R since the curvature of dfln is bounded (or zero 
if n = M.+ ). By standard local regularity theory, Vit^ o converges locally uniformly in Q\B e 
for any e > when R — > oo, and thus u* £ C(f2 \ {0}) is a positive solution of (|1.2|l in 
f2 which vanishes on \ {0}. It admits therefore a boundary trace trgci(u*). Estimate 
()3.54[) implies that S(u*) — and fj,(u*) is a Dirac measure at 0, which is in fact cSq by 
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combining estimates (13.51)) for SIr, (|3.53p and (|3.54|) . Uniqueness follows from the same 
estimate. □ 

We next consider the equation (|1.2p in . We denote by (r, a) G E + x S N ~ X are the 
spherical coordinates in and we recall the following representation 

5f - 1 - {(sm^r',cos0) : a' G S N ~ 2 , <f> G [0, |)} , 

N-l 1 A/ 

Aw = v rr H u r H — f 

where A' is the Laplace-Beltrami operator on S 



( 2 

AT-1 



1 . 

Vu = w r e H — V t> 
r 



where V' denotes the covariant derivative on S N 1 identified with the tangential derivative 
where A" is the Laplace-Beltrami operator on S N ~ 2 . Notice that the function <pi(<r) = cos 



is the first eigenfunction of —A' in Wq' 2 (S+ 1 ), with corresponding eigenvalue Ai = N — 1 



(3.55) 



and we choose 9 > such that <fi(o~) := 0cos(f> has mass 1 on S, 
We look for a particular solution of 

J -Au+ \Vu\ q = in 

\ u = on <9R^ \ {0} = I"" 1 \ {0} 

under the separable form 

u(r, a) = r- p u(a) (r, <r) G (0, oo) x S^" 1 . (3.56) 
It follows from a straightforward computation that j3 = — 5f a nd oj satisfies 



Cu:=-A'u+(( 2 ^r^ + \V'u\ 2 y -^(^-N^ = in S + 



N-l 

u = on dSf- 1 



(3.57) 



Multiplying p.57j) by (fx and integrating over Sf _1 , we get 
N-l-?—4(— N) [ ujwxdx 

3. 

Therefore if N — 1 > jprf (^rr — ^) arl ^ in particular if q > <7 C , i/iere exists no nontrivial 
solution of (|3.57p . 

In the next theorem we prove that if N — 1 < ^Ef (^zj — -W), or equivalently g < 
there exists a unique positive solution of (|3.57[) . 
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Theorem 3.21 Assume 1 < q < q c . There exists a unique positive solution u s :— u G 
W 2, P r S N-ij tQ ([^371) f or all p > i Furthermore uj s G C°°(S'+" 1 ). 

Proof. Step 1: Existence. We first claim that lo :— "fifj 2 is a positive sub-solution of (|3.57|) 
where ji (i = 1,2) will be determined later on. Indeed, we have 



72 



(N - 1) 72 



l\q-l 



-AM +2 



2-q 
q-1 



7 rvr i)72 



72-2 



7i fi +72(72 - 1) |VVi| 



7iV?7 2 ii - 7i^i 2 2 ^2 + ^3- 



Since q < q c , we can choose 



g g(72 — l) 



W1I 9 



1 < 72 < 



(jV + g-JVg)(2- g ) 
(TV - l)(q - 1)2 ■ 



Since (fx < 1, we can choose 71 > small enough in order that L\ < and — 7i<^7 2 ~ 2 -^2 + 
L3 < 0. Thus the claim follows. 

Next, it is easy to see that to = 74, with 74 > large enough, is a supersolution of (|3.57p 

and uJ > oj in S + . Therefore there exists a solution cj G W 2 ' P (S+~ 1 ) to ()3.57|) such that 
<u<uj <uj in S^ 1 . 

Step 2: Uniqueness. Suppose that uj\ and UJ2 are two positive different solutions of (|3.57p 
and by Hopf lemma V'wj (i = 1,2) does not vanish on S^ 1 . Up to exchanging the role of 
u)\ and W2, we may assume max^w-i W2 > maxgjv-i u)\ and 

A := inf{c > 1 : cwi > w 2 in S 1 ^ -1 } > 1. 

Set u)i.\ :— Xloi, then lui_\ is a positive supersolution to problem ()3.57j) . Owing to the 
definition of one of two following cases must occur. 

Case 1: Either 3ao G S^ 1 such that Wx,a(co) — ^2(00) > and V'wi ! a(co) = V'u^Cco)- 

N — l 

Set uj\ := uii^\ — L02 then ui\ > in 5 + , w(cro) = 0, V ua((To) = 0. Morevover, 



-A'wa + (i? (wi,a, V'wi, A ) - H(u 2 , V'wa)) 



2-9 



1 V<7-1 



TV w A > 0. 



(3.58) 



where ff(s,£) = ((§Ef ) 2 s 2 + |£| 2 )5, (s,£) G M x R w . By the Mean Value theorem and ([338]) . 
we may choose 75 > large enough such that 



dH = 
-A'o; A + — (s,0V'wa + 
<9£ 



75 



3-1 V<?-1 



w A > 



where s and are the functions with respect to a G S± 1 . By the maximum principle, uj\ 



cannot achieve a non-positive minimum in S+ I , which is a contradiction 
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Case 2: or ui\\ > L02 in 1 and 3o~o G dS± 1 such that 



1^ W = ¥ W ' (3 - 59) 



Since <jJi,\{<jo) = and w^a G C 1 (S'^ V *), there exists a relatively open subset [7 C 5+ 1 
such that Co G <9?7 and 

1 a — 1 / \ 9-1 

max«Jn<g"'^ T - — N) . (3.60) 

U ' 2-q \q-l J 



We set oj\ :— uji \ ~ u! 2 as in case 1. It follows that 



-A'wa + -a7-(5,0^ 4 WA > r 



9-1 

AT — g I ^ ) w 



9 „ f2-<? 



q-1 *\q-l 



1,A 



w A > (3.61) 



in U owing to (|3.60p . By Hopf lemma ^g^(co) < 0, which contradicts (|3. 591) . The regularity 
comes from the fact that u? + |Vw| 2 > in S^ 1 . □ 

When is replaced by a general C 2 bounded domain f2, the role of w s is crucial for 
describing the boundary isolated singularities. In that case we assume that G dfl and the 
tangent plane to dQ at is cM^ -1 := {(&', 0) : x' G IR^ -1 }, with normal inward unit vector 

e N . If u G C(R^ \ {0}) is a solution of ([335)1 then so is for any i > 0. We say that u 
is self-similar if T/»[k] = m for every t > 0. 

Proposition 3.22 Assume 1 < q < q c and G 90. TTien 

lim UcS = "oo,o (3.62) 



where 1*00,0 *s a positive solution of (| 1 . 2j> m f2 ; continuous m fi \ {0} and vanishing on 
dQ \ {0}. Furthermore there holds 

2~q 

lim at '-ma, n(s) = w s (cr), (3.63) 

n s x -> 

zN — 1 



locally uniformly on S + 



N-l 



Proof. If it is the solution of a problem (I3.42[) in a domain G with boundary data c5 z , 
we denote it by uf s . Let B and B' be two open balls tangent to <9f2 at and such that 
B C O C B' c . Since P B (a;,0) < P n (z,0) < P B '°(a;,0) it follows from Theorem \5M and 
(|3~5T|) that 

«£„<«£„< ( 3 - 64 ) 

Because of uniqueness and whether is B, f2 or P /c , we have 

ZHuSj = W > 0, (3.65) 
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with 0^ = jQ and 8 := — j + 1 — N. Notice also that c M> uf Sg is increasing. Since 

uf So (x) < C4(q)\x\~ by (|3.6|) . it follows that uf Sg j" . As in the previous constructions, 
is a positive solution of (|1.2p in 0, continuous in \ {0} and vanishing on 90 \ {0}. 

Step 1: := M%. Then Q l = R N . Letting c -> oo in (f3~65l) yields to 

Tt[u£ t0 ] = u£ ta w>0 - ( 3 - 66 ) 
Therefore * s self-similar and thus under the separable form (|3.56|) . By Theorem 13.211 

«oio(^) = N ?=T w.(o)- ( 3 - 67 ) 

5iep := B or B' c . In accordance with our previous notations, we set B e = \B and 
B' cl = jB' c for any £ > and we have, 

T t [u* t0 ] = < and T,[< C Q ] = u^g (3.68) 

and 

<o < «»,o < «So ^ u »?o < <o " V < £ < , I" < 1. (3.69) 

When £ — >• u^* t l^o ano - u oo0 4- "So wnere l*So and uj^ are positive solutions of 
UZ2H in such that 

<0 < <fio < "So < "So < <o V0 < * < 1. (3.70) 

This combined with the monotonicity of and "m o implies that wJ^q and vanish 
on dH+ \ {0} and are continuous in \ {0}. Furthermore there also holds for £, £' > 0, 

Ttri [< ] = T V [T t [«*,„]] = <o and [< c ] - T v [T t [u*° ]] = u*°"' . (3.71) 
Letting i — > and using (|3 . 68[) and the above convergence, we obtain 

B N B N B N B N 

<o = Ko] and = IV Koto! • (3-72) 

Again this implies that u^q and u^q are separable solutions of (|1.2p in vanishing on 

cM+ \ {0} and continuous in \ {0}. Therefore they coincide with u^ . 
Step 3: End of the proof. From ([3~M]) and (|3~l>8"j) there holds 

<o<^[<o]<<o V0<*<1. (3.73) 
Since the left-hand side and the right-hand side of (|3.73p converge to the same function 

R N 

u coo( x )' we obtain 

lim*£*t& j0 (*r) = M^ s (^) (3.74) 
t-yo ' \x\ 
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and this convergence holds in any compact subset of f2. If we fix \x\ = 1, we derive (I3.63[) . 
□ 

Remark. It is possible to improve the convergence in Q3.63P by straightening dVL near (and 
thus to replace o by a function defined in B e n R+ ) and to obtain a convergence in 

Combining this result with Theorem 12. Ill we derive 

Corollary 3.23 Assume 1 < q < q c and G dQ. If u is a positive solution of \1.2\ with 
boundary trace trgn(u) = (S(u), fi(u)) — ({0},0) then u > w^o- 

The next result asserts the existence of a maximal solution with boundary trace ({0}, 0). 



Proposition 3.24 Assume 1 < q < q c and £ dfl. Then there exists a maximal solution 
U := U^o of ijTS} with boundary trace tr dn {U) = (S(U),fi(U)) = ({0},0). Furthermore 

Km \x\l^U%(x)=iJ s (a), (3.75) 

w + 

locally uniformly on S,^ 1 . 

Proof. Step 1: Existence. Since 1 < q < q c < jtzt, there exists a radial separable singular 
solution of dH2j) in R N \ {0}, 

By Lemma T3.3I there exists C^q) > such that any positive solution u of (|1.2[) in i7 which 

g-2 q-2 

vanishes on <9f2 \ {0} satisfies u(x) < C4(q)\x\i- 1 in O. Therefore, £/*(x) = A*\x\i- 1 with 
A* := A*(N,q) > max{AAr, g , C 4 (q)} is a supersolution of (|1.2p in \ {0} and dominates 
in f2 any solution u vanishing on dfl \ {0}. For < e < max{|z| : z 6 f2}, we denote by u e 
the solution of 

-Au, + |Vu £ | 9 = inr2\B e 

u e = on 917 \ B e (3.77) 

u e = A*et^r on O n 9B e . 

If e' < e, tv| 8( n\B e) < u £ | a(f! \ Se) : therefore 

u < u e < < u e < U*(x) in (3.78) 

Letting e to zero, {u e } decreases and converges to some which vanishes on <9f2 \ {0}. 
By the the regularity estimates already used in stability results, the convergence occurs 
in Cl oc (Q \ {0}), U^.o € C(fi \ {0}) is a positive solution of (fL~2]) and it belongs to 
C 2 (f2); furthermore it has boundary trace ({0},0) and for any positive solution u satis- 
fying trgn(u) = ({0},0) there holds 

<o < « < U2>, < U*(x). (3.79) 
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Therefore q is the maximal solution. 
Step 2: Q — . Since 

T e [U*]\^ c =U*\ M ^ V£>0, (3.80) 

there holds 

T t [ue] = u> (3.81) 

S. N R N R N 

Letting e — > yields to T^U^q] = U^q. Therefore U^q is self-similar and coincide with 

M oo,0- 

5<ep 3: il — B or B' c . We first notice that the maximal solution is an increasing function 
of the domain. Since T t [uf] = uf where we denote by uf the solution of (|3.77p in O \ B e 
for any £, e > and any domain 9 (with 6 <90), we derive as in Proposition 13. 221 -Step 2, 
using p. 811) and uniqueness, 

Tt[V* i0 ] = U* and T t [U£ ] = u£ ' (3.82) 

and 

u£' fl < Ug fl < u% < U#p < ugf V0<t<£',£"<l. (3.83) 

As in Proposition D 17* f Uj.o < EQ„ and ^~,o 4 > £Qo where E£o and 

Z/^o are positive solutions of (|1.2[) in which vanish on cM+ \ {0} and endow the same 
scaling invariance under T%. Therefore they coincide with u^ . 

Step 3: End of the proof. It is similar to the one of Proposition ^. 221 □ 

Combining Proposition 13.221 and Proposition 13.241 we can prove the final result 
Theorem 3.25 Assume 1 < q < q c and £ dfl. Then = . 
Proof. We follow the method used in [THl Sec 4]. 

Step 1: Straightening the boundary. We represent dfl near as the graph of a C 2 function 
cf> defined in l^ 1 n B R and such that 0(0) = 0, V(f>(0) = and 

dil fl Bji = {x = (x',x N ) : x' e i^ 1 n B R , x N = <f)(x')}. 

We introduce the new variable y — $(x) with y' — x' and y^ = £jv — 4'{ x ')i with corre- 
sponding spherical coordinates in Mr, (r,a) = (\y\, #r). If u is a positive solution of (|1.2| 
in f2 vanishing on <9f2 \ {0}, we set u(y) = u{x), then a technical computation shows that u 
satisfies with n = A 



r 2 u rr (l - 2cj) r (n,e N } + | V0| 2 (n, e N 

+ru r (N-l- r(n, e N ) A0 - 2(V'(n, ejv ), V'0) + r I V0| 2 (V'(n, ejv >, ejv) 
+ (V'u, ejv) f 2<f> r - |V0| 2 (n, ejy) - rA(j> 



(3.84) 

+r(V'u r , e^v) M2(n, e w ) |V</>| 2 - 20 r ) - 2(V'u r , V'0)(n, ejy) 
+ | V0| 2 (V'(V'«, ejv), eA r) - 2(V'(V'«, ejv), V'0) + A'ti 
+r 2 |i2 r n+ iV'w- (0 r n+ iV'0)Rn+ iV'M,eAr)| 9 = 0. 
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1 

= 0, 



q-2 

Using the transformation t = lnr for t < and u(r, a) = ri- 1 v(t,a), we obtain finally that 
v satisfies 

(f + ei) v tt + (N - + e 2 ) v t + (\ N . q + e 3 )v + A'v 

+ (V'v, 4) + (V'«t, i|) + (V'(V'u, ejv ), 4) (3.85) 

on (— oo,ln.R] x S^ 1 := Qr and vanishes on (— oo,lni?] x dS^ -1 , where 

Furthermore the ej are uniformly continuous functions of t and a G S ,JV_1 for j = 1, 7, 
C 1 for j = 1,5,6,7 and satisfy the following decay estimates 

|e,-(f,.)| < Ce* for j = 1,...,7 and \e jt (t,.)\ + |V'ej| < ci 7 e* for j = 1, 5, 6, 7. (3.86) 

Since v, vt and V'i> are uniformly bounded and by standard regularity methods of elliptic 
equations [16j Lemma 4.4], there exist a constant c' 17 > and T < lni? such that 

IKMII^pf^ + \\vt(t,.)\\ chy[ -^r ) + \\vtt(t,-)\\ COiy ^w=r ) < c'i7 (3.87) 

for any 7 6 (0, 1) and i < 7 1 — 1. Consequently the set of functions {v(t, -)}t<o is relatively 
compact in the C 2 ^;^ -1 ) topology and there exist 77 and a subsequence {i„} tending to 
—00 such that v(t n , .) — > rj when n — > 00 in 

Step 2: End of the proof. Taking u — u% or u = U^o, with corresponding v, we already 
know that v(t, .) converges to u) s , locally uniformly on S*^ -1 . Thus ui s is the unique element 

in the limit set of {v(t, -)}t<o and lim.t_>._oo v(t, .) = oj s in C 2 (S'^ V_1 ). This implies in 
particular 

lim^o = 1 (3.88) 

and uniqueness follows from the maximum principle. □ 

As a consequence we have a full characterization of positive solution with an isolated 
boundary singularity 

Corollary 3.26 Assume 1 < q < q c , G d£l and u 6 C(fl \ {0}) D C 2 (f2) is a nonnegative 
solution of (|1.2p vanishing on dVL \ {0}. Then either there exists c > such that u — u c s , 



or u = u 



>0 = linXc-j-oo Ucs . 



4 The supercritical case 

In this section we consider the case q c < q < 2. 
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4.1 Removable isolated singularities 

Theorem 4.1 Assume q c < q < 2, G dfl and u G C(£l \ {0}) P\ C 2 (f2) is a nonnegative 
solution of (|1.2[) vanishing on dQ \ {0}. TTien it = 0. 

Proof. Step 1: Integral estimates. We consider a sequence of functions £ n G C°°(K ) such 
that CnW - if |z| < i C«(a;) = 1 if M > < C™ < 1 and |VC„| < c 18 n, \A( n \ < c ls n 2 
where cis is independent of n. As a test function we take ££ n (where £ is the solution to 
(|2.14p ) and we obtain 

/ (|V«|«^Cn ~ <nA0 dx= [ u (^AC„ + 2VeVC„) dx = I + 77. (4.1) 
in is) 

Set Q„ = D, n {a; : i < |x| < ~ }, then |Q„| < c[ 8 (N)n- N , thus 

/ < ci 8 C* 4 (q) / n^ +2 £cfa; < c' 1 ' 8 n^ +2 " 1 " 
•/n n 

since £(x) < c^d{x). Notice that -^j — -^ti < 0. 

II < ci 8 C 4 (g) f n^ +1 \V£\dx < c w n^ +1 - N = 



-N n — !-t !-r 



Cigri'- 1 9c- 1 . 



Since the right-hand side of (|4. 1[) remains uniformly bounded, it follows from monotone 
convergence theorem that 

/ (| Vit|«£ + u) dx < oo. (4.2) 
More precisely, ii q > q c , I + II goes to as n — > oo which implies 



/ (|Vm|^ + w)^ = 0. 
in 



Next we assume q — q c . Since |Vu| G L^ c (f2), w := G n [|Vu| 9c ] G i 1 (17). Furthermore, 
?i + v is positive and harmonic in Q. Its boundary trace is a Radon measure and since the 
boundary trace Tr(v) of v is zero, there exists c > such that Tr(u) — cSq. Equivalently, u 
solves the problem 

{ -Au+ |Vw| 9c =0 in fi 

{ . (4-3) 

I it = c<5o in <9f2. 

Furthermore, since u G L 1 (f2), it(x) < cP(x, .) in f2. Therefore, if c = 0, so is u. Let us 
assume that c > 0. 

Siep U: XTie /?a£ case. Assume f2 = := B\ nR+. We use the spherical coordinates 
(r,a) G [0, oo) x S 1 ^^ 1 as above. Put 

7= / MdS 
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then 

N-l N -I 



U rr + ~ U r - " - U = |Vu| 9c (4.4) 

Set v(r) = r w_1 ?Z(r), then 

v rr + ^—^-v r = r N - 1 \\7u\ q ' ! . (4.5) 
r 

and 



v r (r) = r^-Vfl) - r*- 1 \ \Vu\' ic (s)ds. (4.6) 

Since 



/ Z" 1 / \Vu\ q '{s)ds= i- / r JV |Vw| 9c (s)ds<cx) 



(4.7) 



it follows that there exists linv^o u(r) = a > 0. By arguing by contradiction, we deduce 
that a = 0. Hence 

lim r"" 1 / u(r, a)<pi (<r)dS = 0. (4.8) 

By Harnack inequality Theorem 13. 101 we obtain 

lim 1^-^ = 0. 4.9 
x^Q d(x) 

By standard regularity methods, (|4.9p can be improved in order to take into account that u 
vanishes on \ {0} and we get 

Mm = ^ lim 2 {X) =0, (4.10) 

where P R + (x, 0) is the Poisson kernel in with singularity at 0. Since P R + (., 0) is a super 
solution and it = o(P + (., 0)), the maximum principle implies u = 0. 
5iep 5: XTie general case. For £ > 0, we set 

«<(s) =T/[u](s) = £ Ar - 1 u(&0- 

Then vg satisfies 

f -A^ + |V^ =0 in ^ 

i (4.H) 

( w< = on an e \ {0} 

Furthermore, T e [P n ] = P n ' with P n := P n ' and 

it(x) < cP n (x, 0) VieO=^ 1^(2:) < cP° 4 (a;, 0) Vx e Of 

By standard a priori estimates [22], for any P > there exists M(N, q, R) > such that, if 
= B 2 r \ B R , 



sup{\vi(x)\ + \Vve(x)\ :ier fi n fl £ } 



+ 8u f |V,„W-7„fa)| ; £ 1 (412) 
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where 7 £ (0, 1) is independent of t £ (0, 1]. Notice that these uniform estimates, up to the 
boundary, hold because the curvature of dil e remains uniformly bounded when £ £ (0,1]. 
By compactness, there exist a sequence {in} converging to and function v £ C 1 (K^ / \ {0}) 
such that 

sup{|(«f n -v)(x)\ + \V(v in -v){x)\ : x £ T R nn e "} -> 
Furthermore v satisfies 

j -Av + |V«|« C =0 in 
\ v = on dR^ \ {0}. 

From step 2, v = and 

sup {K„(x) + |Vu^ n (a;)| : x £ T R n fi* n } -4 0; 

therefore 

lim \x\ N ^u{x) = and lim Id* |Vu(x)| = 0. (4.14) 



(4.13) 



Integrating from dtt, we obtain 



\x\ N 



lim L rr T u(x) = 0. (4.15) 
x-s-0 d(x) 

Equivalently u(x) = o(P (x,0)) which implies it = by the maximum principle. □ 

4.2 Removable singularities 

The next statement, valid for a positive solution of 

- Au = f infl (4.16) 

where / £ L\, is easy to prove: 



Proposition 4.2 Let q > 1 and u be a positive solution of (|1.2p . TTie following assertions 
are equivalent: 

(i) u is moderate (Definition ] 1.8$ . 

(ii) u £ L l {Q), \Vu\ £ L q d {Vt). 

(Hi) The boundary trace of u is a positive bounded measure /! on dfl. 

Let ip be the first eigenfunction of —A in W ' (Cl) normalized so that sup^ ip = 1 and A 
be the corresponding eigenvalue. We start with the following simple result. 

Lemma 4.3 Let Q be a bounded C 2 domain. Then for any q > 1, < a < 1, 7 6 [0,(5*) 
and u £ C (Cl), there holds 

[ (d(x) - j)- a \u\^dx 

< C12 ( (6* - j)- a f \u{6*,o-)\idS+ f (d(x) - j^-^Vu^dx) 

\ JT. J-/<d(x)<S'- J 

(4.17) 
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where C\i = Ciiict, q, Q). If 1 < q < 2 and u is a solution of (|1.2|) . we obtain, replacing d 
by (fi, 

(4.18) 



f (p^lu^dx < Ci 3 ( 1 + f <p\Vu\ q dx 



where C\ 3 = Ci 3 (q,Q). 



Proof. Without loss of generality, we can assume that u is nonnegative. By the system of 
flow coordinates introduced in section 2.1, for any x € we can write u(x) = u(6,a) 
where 6 — d(x), a — a(x) and x = a — br\. ai thus 

r 6* 



u{5, a) — u(S* ,cr) = — Vu(a — sn^.iicrds — — 

Js Js 



— (s,a)ds, 



from which it follows 



s * du 

u(5 , a) < u(S* , a) — I —(s,a)ds. 

OS 



<± u(S*,a)+ (6-j)- a \Vu(s,a)\dsd5 (4.19) 

1 — a 



Thus, multiplying both sides by (<5 — 7) Q and integrating on (7, 5* 
{5-j)- a u(S, cr)dS 

(6* - ^) 1 ^ a 1 f 5 * 

= ^— — u(8*,a) + / (s - 7) 1 -" \Vu(s,a)\ ds. 

I - a 1 - a J 7 

Integrating on £ and using the fact that the mapping is a C 1 diffcomorphism, we get the 
claim when q = 1. If q > 1, we apply (|4. 19[) to u q instead of u and obtain 

(5-j)- a ui(S, a)d8 

< ^* ~ 7)1 * u q {5\o) + -^— t (s - jY^ui- 1 \Vu(s,a)\ds 
1 — a 1 — a Lj 



< ^* ^ " u q {8*,<j) + — — I / (<5 — r ))~ a u q ds I (/ (5--/) q - a \\7u\ q ds 



\l—a „ I r$* \ 7 ( fS" 

> u*{F,<t) + -±- 

I — a I — a 

'(4.20) 

Since the following implication is true 

(A > 0, B > 0, M > 0, A q < M q + A q ~^B) => (A < M + B) 

we obtain 

r&* \ 1 



J (S -j)- a u q (6,a)d6 



._ 1 « * / s* \i (421) 

I {S \- a a ) (5~l) q - a \Vu\ q dsY . 
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Inequality (|4.17[) follows as in the case q = 1. We obtain (14. 18)) with 7 = 0, a = q — 1 and 
using the fact that c^d < tp < C21 d in Q with C21 = C2i(N). □ 

Theorem 4.4 Assume q c < q < 2. Let X C dfi be compact such that C2-, ,(K) = 0. 

Then any positive moderate solution u € C 2 (fl) (~l C(il \ K) of (|1.2|) suc/i i/ia£ |Vu| e i^(^) 
which vanishes on dfl \ K is identically zero. 

Proof. Let 77 € C 2 (£) with value 1 in a neighborhood U v of T^T and such that < r\ < 1, 
consider C = v(P n [l - ?7]) 2<? '. It is easy to check that £ is an admissible test function since 
C(x) + \V({x)\ = 0(d 2q ' +1 (x)) in any neighborhood of {x G dfl : rj(x) = 1}. Then 



Vu\ q (dx = / uA(dx = \7u.\7(dx. 
n Jn Jn 

Next 

VC = (P n [l - rj\) 29 ' Vip - 2g'(P n [l - rf\f q ' ~ VVP"^], 

thus 

/ \\7u\ q (dx = - [ (F n [l-ri}) 2q 'V<p.Vudx + 2q' [ {f n [l-rf\) 2q '- 1 W n [rf\.Vwpdx 
Jn Jn Jn 

= I uV((P n [l -n]) 2q 'Vip)dx + 2q' I {P n [l-r]]) 2q '- 1 VP n [f]].Vuipdx. 
Jn Jn 

Therefore 

(Aa+ \Vu\ q )£dx 

-2q' [ {P n [l - ?7]) 2 9'- 1 uVv5.VP n [r?]«ia: + 2 g ' / (P n [l - T]]) 2q '- 1 i P X7u.VP n [rf\dx. 



n 



(4.22) 

Since < P [1 — rf\ < 1, jVip < C22 in SI and by Holder inequality, 



(P n [l - rhfi'^u Vip.VP n [r]} dx 



< c 22 ^f 1 - q u q dx^j " (J (p\VP u [ri}\ q ' dxj 



(4.23) 

Using (j4~T8f and the fact that |Vu| e ^(fi), we obtain 



(¥ n [l-r]]) 2q '- 1 uV(p.VP n [r]}dx 



<c 23 (l + l|Vu||| J(n) )* QfdlVpnfolKda; 



(4.24) 

where C23 = C2?,(N, q, S7). Using again Holder inequality, we can estimate the second term 
on the right-hand side of (|4.22[) as follows 



(P n [l -r 1 }) 2q '- 1 ip\7u.\7P a [ n ]dx < ( / \Vu\ g <pdx) ( / ip\VP Q [ri]\ q ' dx 
n \Jn J \Jn 



< c 21 ||w||l gco) (7d|VP n MK& 



(4.25) 
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Combining flOI]) and we derive 

^(|V U | 9 + Au)C^<4 3 (l+||Vn||^ (n) ) ? ^|VP Mr'd^ F . (4.26) 

By [351 proposition 7' and Lemma 4'], 

/d|VP%]Kdx<c 24 |M|V 4q , - c 24 \\ V \\ q ' ^ , (4.27) 
Jn w 7 (s) « (s) 

which implies 

/ (|V^ + A U )C^<c 25 (l+||V U ||L (n) ) 5 |M| w -*„, (4.28) 

where C25 = C2s(iV, g, 51). Since C2-, a >(K) = 0, there exists a sequence of functions in 
C 2 (£) such that for any n, < rj n < 1, rj„ = 1 on a neighborhood of K and 1 1 77^ 1 1 2-^ , — > 
and ||?7n|li,i(x;) as u -> 00. By letting n — > 00 in (|4.28[) with 77 replaced by ry„ and C 

replaced by C« := ^(F[l — i]n\) 2q , we deduce that / (| Vu\ q + Xu) tpdx — and the conclusion 

Jn 

follows. □ 

4.3 Admissible measures 

Theorem 4.5 Assume q c < q < 2 and Zei u be a positive moderate solution of (|1.2p 
boundary data [i 6 9Jt + (<9f2). XTien fJt(K) = /or any Borel subset K C 951 smc/i i/iai 

Proof. Without loss of generality, we can assume that K is compact. We consider test 
function 77 as in the proof of Theorem 14. 4[ put £ = (P°[n]) 29 y> and get 

[ (\Vu\ q C-uA()dx=- [ ^dfi. (4.29) 
7n -/an on 

By Hopf lemma and since n = 1 on K, 



f d( 

/ -^-d/j, > c 2 efJ.{K). 
Jdndn 



Since 

-AC = AC + 4o'(P n [l - n^'-^ip.yP"^] - 2q'(2q' - l)(P n [l - n]) 2q ' ~ 2 ip\VF n [n}\ 2 , 
we get 



C26/4 



(if) < / ((|Vu| 9 + wA)C + 4 g '(P°[77]) 2,? '- 1 wV^.VP n M) <£c. (4.30) 
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Using again the estimates (|4.24[) and (|4.27p , we obtain as in Theorem 14.41 
r - 

/ (P^l-^V-i^VP^.V^ <c' 2 Jl + \\Vu\\l q X q \\r,\\ ^ (4.31) 



in 

Therefore 



C2^(K)< / (\Vu\«+u\Kdx + c' 2 Jl + \\Vu\\l q Y \\r,\\ (4.32) 



W i (£) 

As in Theorem l4.41 since CV-, „j(K) = 0, there exists a sequence of functions {r7 ra } in C 2 (E) 
such that for any n, < rj n < 1, ?y n = 1 on a neighborhood of if and ||t7„|| 2^ q , — > 

as n -> 0. Thus ||?7n|| L i( E ) -> and Cn := [Vn]) 2q 95 — ^ a.e. in tt. Letting n -> 00 in 
(I4.32p with 77 and £ replaced by r\ n and respectively and using the dominated convergence 
theorem, we deduce that n{K) = 0. □ 

5 The cases q = 1, 2 

For the sake of completeness we present some results concerning the two extreme cases q = 1 , 
q = 2. 

5.1 The case q = 2 

If n is a solution of (|1.2|) with q = 2, the standard Hopf-Cole change of unknown u = \nv 
shows that v is a positive harmonic function in f2. Therefore the boundary behavior of u is 
completely described by the theory of positive harmonic functions. The following result is 
a consequence of the Fatou and Riesz-Herglotz theorems. 

Theorem 5.1 Let u be a bounded from below solution of 

-Au+|Vu| 2 = into. (5.1) 

1- Then there exists (ft G L^(<9f2) such that for a.e. y € dQ, 



lim u(x) = \n(ft(y). 

x -> y 
non-tangent. 



(5.2) 



2- There exists a positive Radon measure v on dfl such that 

u{x) = In (P°M(x)) Vx 6 n. (5.3) 

Remark. Formula (|5.3|) implies that it satisfies 

< (1 - N)lnd(x) +c 27 Vz e ft (5.4) 

for some C27 depending on u. This implies in particular that u 6 L (ft). 
In the next result we describe the boundary trace of u. 
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Proposition 5.2 Let the assumptions of Theorem \ 5.1\ be satisfied and v is the boundary 
trace of e" . Then u admits a boundary trace trda{u) = (S(u), fi(u)). Furthermore 

1- z G S(u) if and only if for every neighborhood U of z, there holds 

lim / ln(P n [i/](x)) dS = oo. (5.5) 

2- z G 1Z{u) if and only if there exists a neighborhood U of z, such that 

sup / ln(P n [z/](z)) dS < oo, (5.6) 

0<8<S Z JT, s nU 

for some S z > 0. 

Proof. This is a direct consequence of the Hopf-Cole transformation and of Proposition ^. 81 
and Theorem [23U1 □ 

Corollary 5.3 Under the assumptions of Theorem \5.1\ if v G L 2 (dfl), then Vu G L?(0), 
thus S(u) = 0. 

Proof. If v G L 2 (<9f2), then G -^(^) (see e.g. 32 ). Since u is bounded from below by 
some constant c, v > e c and 

d | Vu| 2 dx < e" 2c / d |Vw| 2 dx < oo. 
i Jn 

The conclusion follows from Proposition 12.61 □ 



5.2 The case q = 1 

In this paragraph we consider the equation 

-Au+|Vu| = in 0. (5.7) 

Although there is no linearity, the results are of linear type and the properties of bounded 
from below solutions of (15. 7p similar to the ones of positive harmonic functions. Since the 
nonlinearity g(|Vu|) = |Vu| satisfies the subcriticality assumption (|2.2p . for any bounded 
Borel measure fj, on d£l there exists a weak solution to the corresponding problem (|2.ip . The 
following extension of Theorem 13.171 holds 

Proposition 5.4 For any z G dQ, there exists a unique weak solution u — ug z to 

f -Au+ |Vu| =0 inO , . 

u = 5 Z on dSl. ' 

Proof. The proof is in some sense close to the one of Theorem 13.171 and starts with a 
pointwise estimate of the gradient of u. This estimate is obtained by a different change of 
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scale different to the one of Lemma \'3. 181 With no loss of generality, we can asume z = 0. 
For £ <E (0, 1], we set wi{x) = t N ~ l u{lx). Then wi satisfies 

-Aw e + £\\7w e \ =0 mQ e :=\Q 
W£ = 8 Z on dVl 1 . 



By the maximum principle 



< w e (x) < it-i-pn' (£ X) o). (5.10) 



Again the curvature of dVi 1 remains bounded as well as the coefficient of |Vw^|. Therefore 
an estimate similar to (|3.45|) applies under the following form 



sup{|Vu>£(a;)| :iefi'n(fl 2 \ Bi)} 

< c' 28 swp{wi(x) : x £ Q, 1 n (B 3 \ Bi )} 

< c'^- 1 sup{u(£x) :ietl £ n(5 3 \Bi)} 

< c 29 



(5.11) 



Choosing £x = y with \x\ = 1 we derive 

|V«(|/)| ^c^lyl 1 -^ Vyen. (5.12) 

The remaining of the proof is similar to the one of Theorem l3.17[ with the use of Lemma[3T9] 
which holds with q = 1. □ 

The main result concerning the case q = 1 is the following 

Theorem 5.5 Assume u is a positive solution of (|5.7j) in fl, then there exists a bounded 
positive Borel measure ji such that u is a weak solution of the corresponding problem (|2.ip . 



Proof. This is a direct consequence of the proof of Theorem l2.11l If S(u) ^ and z in S{u) 
there holds 

u > uiS:, W > 0. 

Because of uniqueness and homogeneity, uu z = £us z ■ Letting £ — > oo yields to a contradic- 
tion. □ 



A Appendix: Removabibility in a domain 

In the section we assume that fi is a bounded open domain in with a C 2 boundary. 

A.l General nonlinear ity 

This appendix is devoted to the following equation 

| — Au + q(\ V?i|) = v in 

(A.l) 

u = on 951 
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where g is a continuous nondecreasing function vanishing at and v is a Radon measure. 
By a solution we mean a function u £ such that <7(|Vu|) 6 L 1 (f2) satisfying 

/ (-MAC + g(|Vw|)C)d2; = f (du (A.2) 

for all C S X(il). The integral subcriticality condition on g is the following 

_ 2N — 1 

#(s)s ~*r=ids < oo (A.3) 



Theorem A.l Assume g £ Go satisfies (|A3p . Then for any positive bounded Borel measure 
v in f2 i/iere exists a maximal solution u v of (IA.1I) . Furthermore, if {v n } "is a sequence of 
positive bounded measures in £1 which converges to a bounded measure v in the weak sense 
of measures in Q and {u„ n } is a sequence of of solutions of (jA.ip with v — v n , then there 
exists a subsequence {v nk } such that {u Urik } converges to a solution u v of in L 1 (J7) 

and {g(\S/u Uri )} converges to g(|Vu„|) in 



Proof. Since the proof follows the ideas of the one of Theorem l2.21 we just indicate the main 
modifications. 

(i) Considering a sequence of functions v n £ C ( J°(f2) converging to the approximate 
solutions are solutions of 



-Aw + . 9 (|VO + G°K])]) =0 in n 

w = on dQ,. 



(A.4) 



(ii) The convergence is performed using 



l Gn HLim^ + l|G n M|| « + ||VG°H|| « < ci ||f HmtffM (A.5) 



in Proposition! 

(iii) For the construction of the maximal solution we consider us solution of 
f -Au s + g(\Vu s \) = v m% 

{ (A.6) 
[ u s = G Q [v] on Ej. 

Then consequently, < S < 6' => us < us> in fi^, and us -J, u„. Using similar arguments as 
in the proof of Theorem 12.21 we deduce that u v is the maximal solution of . □ 

A.2 Power nonlinear ity 

We consider the following equation 

-Au+|Vu| 9 = ^ (A.7) 

where 1 < q < 2. The study on the above equation also leads to a critical value q* — j^zj- 
In the subcritical case 1 < q < q* , if v is a bounded Radon measure, then the problem 

-Au+\\7u\ q =v in ft 

u = on dil 
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admits a unique solution u £ L 1 (fi) such that |Vit| 9 £ (see [I] for solvability of a 

much more general class of equation). In the contrary, in the supercritical case, an internal 
singular set can be removable provided that its Bessel capacity is null. More precisely, 

Theorem A. 2 Assume q* < q < 2 and K C f2 is compact. If C\^ q i(K) = then any 
positive solution u £ C 2 (fl\ K) of 

-Au + |Vu|« = Q (A.8) 

in tt\ K remains bounded and can be extended as a solution of the same equation in Q. 

Proof. Let r\ £ C£°(fi) such that 0<r?<l, 7j = lina neighborhood of K. Put £ = 1 — r\ 
and take C, q for test function, then 

-4 I C'^Vu.Vrjdx- [ ^dS+ [ ( q '\Yu\ q dx = 0. 
Jn ' Jondn. J n 

C q '^ 1 Yu.Yrjdx 



Since 



Therefore 



C q \Yu\ q dx 



l,' 1 Yu "dx ; : / ^dS + q' ( / O'' V,-/ ■>dr 



\Yn\ q dx 



\Yr]\ q dx 



which implies 



C q \Yu\ q dx < c 30 / ^dS + c 3 i / \Yr]\ q ' dx. 
an 



(A.9) 



where a = a(q) with i = 30, 31. Since Ci^{K) = 0, there exists a sequence {ry„} £ C^°(f2) 
such that < ry rl < 1, rj n = 1 in a neighborhood of K and || Yr] n \\ Lq i ^ — > as n — > oo. 
Then the inequality (IA9[) remains valid with rj replaced by r] n and £ replaced by £„ = 1 — r/ n . 
Thus, since £ ra — > 1 a.e. in SI, we get 



\Yu\ q dx < 



f'30 



(){>. 



du 

dn 



dS. 



Hence, from the hypothesis, we deduce that \Yu\ £ L q (fl). 
Next let -q £ Cfi°(Q) and n n as above, then 

/ (1 — rj n )Yi].Yudx — / i]Yr] n .Yudx + (1 — rj n )ri\Yu\ q dx = 0. 
Jn Jn Jn 

Since |Vu| £ L q (Q), we can let n — > oo and obtain by monotone and dominated convergence 

/ (Yn.Yu + n\Yu\ q )dx = 0. 
Jn 



Regularity results imply that u £ C 2 (S1). 



□ 
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Theorem A.3 Assume q* < q < 2 and v G 9tt+(fi). Let u G L 1 (ft) wii/i |Vu| G is 
a solution of (IA.7I) in f2. TTien f(-E') = on Borel subsets E C 57 suc/i £/ia£ Ci. q >(E) = 0. 

Proof. Since f is outer regular, it is sufficient to prove the result when E is compact. Let 
rj n be a sequence as in the previous theorem, then 

/ (Vu.V?7 n + n n \Vu\ q )dx = / r] n dv > v{E). (A.10) 

Jn 

But the left-hand side of (|A10[) is dominated by 

( f \VVn\ q 'dx) ( fn n \\7u\ q dx) " + f rj^Vu^dx, 
\Jn ) \Jn / Jn 

which goes to when n — > oo, both by the definition of the Ci. g '-capacity and the fact that 
rj n — > a.e. as n — > oo and is bounded by 1. Thus v{E) = 0. □ 
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